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A three-dimensional numerical model has been developed to study wave-structure 

interactions. This model is based on solving the Reynolds Averaged Navier-Stokes 

(RANS) equations or filtered Navier-Stokes equations. As for solving the RANS 

equations, the Reynolds stresses in these equations are modeled by a nonlinear algebraic 

closure model. A nonlinear k ��  model is solved to provide the information of 

turbulence kinetic energy, k , and the rate of the turbulence dissipation, � . As for 

solving the filtered Navier-Stokes equations, because the small scale eddies are filtered 

by the spatial filter, and only the large eddies are solved explicitly, this method is called 

“Large Eddy Simulation” or LES. In this dissertation, the subgrid-scale Reynolds stress 

will be modeled by conventional Smagorinsky model (Smagorinsky, 1963). The finite 

volume two-step projection method is used to solve RANS and filtered Navier-Stokes 

equations. The forward time difference method is used to discretize the time derivative. 

The free-surface motion is tracked by using piecewise linear volume of fluid (VOF) 

method. 

 The numerical model is first validated by the solitary wave interacting with a 

circular cylinder. In order to have a better resolution around the circular cylinder, an 

unstructured mesh is used to discretize the spatial domain. The numerical results are 

well compared with the experimental data in terms of the time-history free surface 

elevations. The k ��  model is then validated by the two-dimensional spilling breaker 

on a mild slope. The free-surface elevation and the turbulence characters are compared 
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with the laboratory data. Reasonable agreements are observed. Discussions are made on 

the spatial and temporal distributions of turbulence characteristics. The k ��  model is 

then used to simulate a three-dimensional dam-break waves interacting with a square 

cylinder. The velocities and forces on the cylinder are well compared with the 

laboratory data. The spatial distribution of the turbulence intensity is presented and 

discussed. 

 In order to study the landslide generated waves, a moving solid algorithm is 

developed to describe the moving boundary condition of the slide motion on a fixed grid. 

The LES model is adopted to describe the three-dimensional turbulences. In total, forty 

five simulations are made by various slide initial elevations and weights. The numerical 

results are compared with the experimental data in terms of the time histories of runup 

and generated waves. Reasonably good agreements can be observed. The detailed 

discussions about complex three-dimensional flow patterns, velocity fields, free surface 

and shoreline deformations are presented and discussed. 
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Chapter 1 
 
 

Introduction 
 
 

In designing a coastal structure in the nearshore region, such as piles for a pier, a water 

intake structure or a submerged discharge pipeline, wave forces and ambient fluid 

conditions must be considered. In many situations, waves may be breaking and the 

interactions between breaking waves and structure may result in very complex 

three-dimensional turbulent flow fields. In the past, our knowledge of wave-structure 

interaction has relied heavily on laboratory experiments and empirical or semi- 

empirical correlations. However, it is well known that laboratory experiments suffer 

from constraints on the range of applicable physical parameters and scaling effects, not 

to mention the costs associated with careful experiments. In recent years, because of 

rapid advancement of computational power, several three-dimensional Navier-Stokes 

equation solvers have been developed and modified so that they can be used for wave 

hydrodynamics studies. With proper treatments on wave breaking induced turbulence 

and boundary conditions, these models have the potential to become useful research 

tools for better understanding the physical processes and engineering tools for the 

design of coastal structures. 

 In the wave-structure interaction studies, most of the cases considered active 

waves interacting with a passive structure. However, a structure might be a source to 

1 
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generate waves. The most important case is the landslide generated waves. Subaerial 

and submarine landslides may generate sizeable offshore and onshore propagating 

waves and cause significant danger due to coastal inundation with little warning time. 

The landslide generated waves usually are associated with huge wave forces and strong 

turbulence. The maximum runup height of the landslide generated wave becomes an 

important parameter in designing a coastal structure in the nearshore region. Therefore, 

there is a need to develop a numerical model which has the ability to simulate wave 

generation due to three-dimensional moving boundary and provide accurate estimations 

of the maximum runup height. 

 In this study, a numerical tool which is able to simulate three-dimensional complex 

flow situation with air-water interface as well as moving boundary problems will be 

presented. The accuracy of this numerical model will be examined and validated by 

many different test cases in terms of the turbulence characteristics, free surface 

elevation and velocity field. Many results that are not easy to be measured by the 

experiments will be presented and discussed. 
 
 

1.1 Background of Wave-Structure Interaction 
 

Breaking wave and structure interactions are important in the ocean and marine 

engineering. The entire interaction process includes the initiation of wave breaking, 

breaking, and wave interactions with surroundings (Rhee and Stern, 2002). In the last 

two decades, because of the advances of experimental techniques, the understanding of 

breaking waves has been greatly improved. The techniques of hot-film anemometer, 

Particle Image Velocimetry (PIV), and Laser Doppler Velocimeter (LDV) have been 

used to measure the velocity distribution under the breaking waves (Lin and Rockwell, 
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1994 and 1995; Skyner, 1996; Stive, 1980; Stive and Wind, 1982; Nadaoka and Kondo, 

1982; Hattori and Aono, 1985; Mizuguchi, 1986; Nadaoka et al., 1989; Ting and Kirby, 

1994, 1995, 1996). The turbulent fluctuations and turbulent kinetic energy can be also 

calculated from the PIV data (Chang and Liu, 1996). However, PIV approach does not 

provide the flow properties in the aerated region of the wave crest because of the 

presence of foam and bubbles (Nakagawa, 1983; Mizuguchi, 1986). Field studies suffer 

from the same difficulties as laboratory experiments do and are limited to site access 

and environmental variability. 

For above-mentioned reasons, numerical studies of breaking waves have become 

increasingly popular. Numerical results can provide the details of the flow without the 

difficulties of scaling and measuring. Due to the limitation of computer speed, the early 

numerical simulation of breaking wave was mainly based on the depth-averaged 

equations. Boussinesq equations (Peregrine, 1967) and shallow water equations were 

usually employed. The energy dissipation due to the breaking processes was 

incorporated into momentum equations through simple dissipative terms (Schaffer et al., 

1993; Johnson et al., 1996; Abbott et al., 1978, 1985; Zelt, 1991; Karambas and 

Koutitas, 1992). These approaches can save the computational efforts. However, they 

cannot predict the detailed characteristics of turbulent transport. Moreover, the vertical 

variations of velocity information are also lost due to the depth averaging processes. 

Other approaches have been suggested to obtain the vertical distribution of 

velocities. For example, the boundary integral equation method (BIEM) based on the 

potential flow theory is a successful method to simulate nonlinear wave propagation up 

to the initiation of wave breaking. Before a wave breaks, the wave motion is essentially 

irrotational except within thin boundary layers on the bottom and free surface. 

Therefore, a potential theory is justified in simulating the flow motion (Longuet- 

Higgins and Cokelet, 1976 and 1978; Peregrine et al., 1980; Dommermuth et al., 1988). 
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The BIEM is mathematically elegant and numerically accurate. However, after wave 

breaking, the flow becomes highly rotational and complex. The potential flow 

assumption is no longer valid. 

For incompressible Newtonian fluids, the flow motion can be described by the 

Navier-Stokes equations. Theoretically, the direct numerical simulation (DNS) (Orszag 

and Patterson, 1972; Rogallo, 1981) can be used to simulate breaking waves. However, 

due to the huge demand of computational resources, most of DNS applications focus 

only on the low Reynolds number flows within a small domain (Kim et al., 1987). 

Breaking waves are usually accompanied by the high Reynolds number and strong free 

surface deformation. The DNS is not feasible to solve the breaking wave problem 

currently or in the near feature.  

Since computers are not fast enough to simulate high Reynolds turbulent flows, 

many researchers have developed several turbulent models to capture the turbulent 

characteristics within a manageable computation time. One of them is the Reynolds 

Averaged Navier-Stokes (RANS) equations. In the RANS equations, only the 

ensemble-averaged (mean) flow motion is described. The turbulence effects on the 

mean flow are represented by Reynolds stresses in the momentum equation. Lemos 

(1992) proposed a turbulence model to solve the RANS equations. In his study, the 

Reynolds stresses were modeled by solving balance equation for turbulence kinetic 

energy ( k ) and turbulence dissipation rate (� ). This method is called k ��  turbulence 

model. However, Lemos did not present quantitative information on the accuracy of the 

predicted breaking wave characteristics. In addition, the information regarding the flow 

and turbulence fields was very limited. Lin and Liu (1998a, b) have recently performed 

a quantitative evaluation of their numerical model in the surf zone. However, due to the 

restriction of computational capabilities, their numerical model is restricted to 2D 

analysis. As mentioned at the beginning, the fluid fields of wave-structure interaction 
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are mainly three-dimensional. Therefore, a three-dimensional numerical model with 

turbulence model is needed to solve the complex flow field in a 3D domain. In this study, 

a 3D k ��  turbulence model will be presented, which will greatly improve the 

numerical capability of solving the turbulence flow in a 3D domain.  

Another alternative to model the turbulence is the large-eddy simulation (LES) 

(Smagorinsy, 1963; Lilly, 1967; Deardorff, 1970 and 1974; Schumann, 1975; Li and Lin, 

2001; Lin and Li, 2002). In LES, the larger three-dimensional unsteady turbulent 

motions are directly simulated, and the effects of the smaller-scale motions are modeled. 

In terms of the computational expense, LES lies between RANS models and DNS. 

Compared to DNS in high-Reynolds-number flows, because the explicitly representing 

the small-scale motions is avoided, the computational costs can be greatly reduced. 

Compared to RANS models, because the large-scale unsteady motions are represented 

explicitly, LES can be expected to be more accurate and reliable than RANS models for 

flows in which large-scale unsteadiness is significant (Pope, 2001). Therefore, in 

additional to presenting k ��  turbulence model, the LES turbulence model will also 

be presented. 

The movement of the structure might be an important source to generating waves 

and turbulence. This type of moving solid problem is especially important to the study 

of landslide generated waves. In order to have better understanding of the landslide 

generated waves, many models have been proposed to estimate the onshore and 

offshore wave heights. In the analytical study, Liu et al. (2003) derived an analytical 

solution to the forced long waves on a sloping beach. As for the semi-analytical studies, 

Striem and Miloh (1975), Murty (1979) transferred the energy from a sliding block into 

a solitary wave and calculated the height of the wave. Pelinovsky and Poplavsky (1996) 

and later Watts (1997) used force balance on a submerged solid body sliding down a 

slope to calculate the terminal velocity. The empirical studies are usually not general 
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enough to be applied to different cases. The applications of analytical or semi-analytical 

studies are greatly limited by their assumptions and simplifications, such as the 

potential flow assumption and the long wave approximation. 

As for the experimental studies, Watts (1998) performed a series of 

two-dimensional small-scale experiments with sliding blocks and granular masses but 

did not measure runup. Watts (2000) further expanded the wavemaker formalism to 

describe the general features of the water waves generated by two-dimensional 

underwater landslides. However, these efforts were focused on studying the 

two-dimensional offshore waves. In fact, experimental studies for 3D landslide 

generated waves are rare, since a 3D experiment requires a large domain to prevent 

waves reflected from the side walls.  

In the numerical modeling, several numerical models simulate the rock-fall or 

landslide generated waves based on the depth-integrated approximation (Raney and 

Butler, 1975; Chiang et al., 1981; Townson and Kaya, 1988; Gozali and Hunt, 1989; 

Jiang and LeBlond, 1994; Grilli et al,, 2002). However, the depth-integrated 

approximation neglects the vertical acceleration that is very important in the wave 

generation zone where the water depth changes rapidly. Also, the depth-integrated 

approximation can not deal with a moving slide with a vertical wall. These constraints 

greatly limit the capability of solving the moving slide problems. In order to solve the 

full Navier-Stokes equations with the moving boundary problem, Heinrich (1991, 

1992) developed a moving solid algorithm to solve the interfacial flow. In his study, 

the volume of fluid (VOF) method was adopted to track the air-water interface. A 

source function was added to the continuity and momentum equations to represent the 

moving boundary effects. Unfortunately, Heinrich’s study stopped at two-dimensional 

landslide simulation. 

The present numerical study concerns the solid landslide motion as well as the 
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landslide generated breaking wave run-up and run-down on a slopping beach. A 

moving solid object algorithm similar to Heinrich’s method will be developed. Forty 

five computational simulations with different initial elevations and specific weight of 

the solid slides will be conducted. Comparisons between the computational results and 

experimental data (Raichlen and Synolakis, 2003) for time histories of free surface 

fluctuations and the runup/rundown at various locations will be made.  

 

 

1.2 Review of Turbulence Closure Models for RANS 
Equations 

 

Turbulence model is important to simulating waves over a submerged structure. The 

choice of an appropriate turbulence model has a dominant influence on the success of 

modeling breaking waves. In the RANS equations, the most complex and complete 

classical turbulence model is the Reynolds stress equation model (RSM) (Launder et al., 

1975). RSM is also called the second-order or second-moment closure model. This 

model solves seven extra equations which include six partial differential equations 

(PDE) for six Reynolds stress components and one PDE for the dissipation rateε of 

turbulence energy. RSM is capable of representing many important mechanisms such as 

the anisotropy of turbulence in turbulent flows. However, it is currently not widely used 

because of the high cost of the computations. Many turbulence studies showed that 

RSM performs just as poorly as the k ε−  model does in some flows owing to the 

identical problem of modeling the ε -equation. RSM contains a few higher-order 

correlation terms that must be closed by closure models. Within all these higher-order 

correlation terms, the pressure-strain rate correlation term is the most difficult one 

because the proposed closure model is difficult to be verified directly by laboratory 
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measurements. So far, at least five different closure models have been proposed based 

on different assumptions (Demuren and Sarkar, 1993). Unfortunately, none of them is 

completely satisfied with the complex flows when their modeling results are compared 

to the experimental data or DNS data (Demuren and Sarker, 1993). Since this modeling 

approach is computationally expensive, the application of this model is mainly for small 

scale problems. 

Alternative to the RSM, the k ε−  model probably is the widest used and most 

validated turbulence model. Instead of solving seven extra equations in the RSM, k ε−  

model solves the turbulence energy k only, which avoids the complicated closure 

problem in the pressure-strain rate correlation term. The basic assumption of k ε−  

model is eddy-viscosity assumption. This assumption relates the Reynolds stresses to 

the local values of the averaged flow quantities. Conventionally, the linear isotropic 

eddy viscosity model is used for this purpose (Rodi, 1980). This linear eddy-viscosity 

approach to turbulence closure is extremely attractive from a computational point of 

view, especially in terms of numerical robustness, and has therefore enjoyed immense 

popularity with CFD practitioners. With the velocity and length scales determined from 

related differential transport equations, the approach also ensures that the fundamental 

mechanisms responsible for turbulence generation, dissipation and transport are 

accounted for.  

In the past decades, many nonlinear k ε−  turbulence models have been developed 

in an attempt to improve the predictions from the classical, linear k ε−  model, and 

maintain the low computational costs. Pope (1975) first proposed a more general 

quadratic closure model. Speziale (1987) developed a workable quadratic model. Since 

then, a number of models have emerged (Yoshizawa, 1987; Rubinstein and Barton, 

1990; Shih et al., 1993; Gatski and Speziale, 1993; Craft et al., 1997; Meric et al., 2001; 

Meric and Dick, 2002). Most models are quadratic, while those of Craft et al., Merci, 
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and Merci and Dick, are cubic and that of Gatski and Speziale is quartic. In particular, 

the cubic fragments play an essential role in capturing the strong effects of curvature on 

the Reynolds stresses. As for a complex separation case, such as backward facing step 

case, researchers have found that a cubic model can predict more accurate and realistic 

results than linear and quadratic k ε−  model (Merci et al., 2001; Merci and Dick, 

2002). 

In this dissertation, the nonlinear k ε−  models will be applied to the RSM to 

simulate the three-dimensional wave-structure interaction problems. Numerical results 

will be presented in a variety of cases.  

 

 

1.3 Review of Subgrid-Scale (SGS) Models for Large 
Eddy Simulation 

 

The equations for LES are derived from NS equations with low-pass spatial filter 

applied. The flow motion is then divided into two parts: the resolved motion and the 

subfilter-scale motion (SFS) (Gullbrand and Chow, 2003). In the finite volume 

numerical implementation, the governing equations of the fluids are solved on a 

discrete grid. This implies that a discretization filtering operator has been applied. The 

discretization filtering operator is called implicit filter (Gullbrand and Chow, 2003). 

The scale of the flow motion smaller than the grid size is referred to the unresolved 

SFS motion, or subgrid-scale (SGS) motion (Zhou et al., 2001). For the SGS motion, a 

closure model is required to link the SGS motion effect to the resolved SFS. In most of 

the engineering applications, the implicit filter is the only one filter used in the LES 

modeling. However, the filter width, filter shape, and filter resolution are free 
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parameters in LES. These variables might have effect to the model coefficients. Also, 

the numerical scheme as well as the numerical error might be significant. Lund and 

Kaltenbach (1995) proposed an explicit filter concept in LES modeling in the spectral 

domain to reduce those effects. Except the implicit filter, they apply an explicit 

filtering operator to the filtered governing equations first with the larger filter width 

than the width of implicit filter. The twice filtered results can be “reconstructed” to 

obtain the implicit filter results. Since the flow motion has been filtered twice, the 

truncation error can be reduced or eliminated (Lund and Kaltenbach, 1995; Lund, 

1997). Carati et al. (2001) and Winckelmans and Jeanmart (2001) applied this explicit 

filtering method to their finite difference numerical models with careful distinguish 

between the discretization and filtering procedures. Gullbrand and Chow (2003) 

further proved that the explicit filtering can greatly improve the accuracy in the 

prediction of turbulence intensities which are important in the application of turbulent 

mixing prediction. However, an extra filtering and reconstruction make the 

computational cost higher, and the wider explicit filter width makes that it is very 

difficult to be applied to a domain with no-slip walls or with complex geometry. 

Gullbrand and Chow (2003) also found that the difference of the filtered velocities 

between with and without explicit filter is small. This indicates that if the turbulent 

mixing is not the major concern, the traditional LES that considers implicit filtering 

operator only is still a good choice. In current study, we shall focus on the traditional 

LES modeling. Hopefully in the near future, the LES with explicit filter can be applied 

to the complex geometry so it can be incorporated into our numerical model to 

improve the accuracy of turbulent intensity. 
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1.4 Free Surface Kinematics 
 

In the study of wave-structure interaction, except for the turbulence issue, another 

important issue is the free surface kinematics. Flows with free surfaces are difficult 

because of the moving boundaries of the free surfaces. The position of the boundary is 

known only at the initial time step. The free surface position at later times has to be 

determined, and it is a part of the solution. To accomplish this, the free surface 

kinematic and dynamic boundary conditions must be used. 

If the position of the free surface were known, the implementation of the dynamic 

boundary conditions would have not been a difficulty. However, finding the location of 

the surface must be done iteratively, which will greatly increase the complexity of the 

task. Therefore, in order to simplify the task, many efforts have been made to find the 

shape of the free surface efficiently.  

The boundary fitting method (Lin and Li, 2002) is a mean to determine the free 

surface. In this method, the free surface is treated as a sharp interface. The boundary 

fitted grids are employed and advanced each time the free surface is moved. This 

method gives highly accurate results of tracking the free surface. However, due of the 

difficulty of tracing the breaking waves as well as the complex structures, this method is 

not attractive in current study. 

Other methods are Marker-and-Cell (MAC) (Harlow and Welch, 1965) and 

Volume-of-Fluid (VOF) (Hirt and Nichols, 1981) schemes. Different from the boundary 

fitting method, these schemes do not define the interface as a sharp boundary. The 

computation is performed on a fixed grid, which extends beyond the free surface. 

According to the MAC scheme, the shape of the free surface is determined by 

computing the fraction of each near-interface cell that is partially filled. This goal can be 

achieved by following the motion of the massless particles introduced at the free surface 
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at the initial time. Alternatively, the VOF scheme solves a transport equation for the 

fraction of the cell occupied by the liquid phase. 

The MAC and VOF schemes are attractive because they can accurately treat the 

complex phenomena like wave breaking. However, the computing effort of MAC 

scheme is daunting, especially in three dimensions because in addition to solving the 

equations governing the fluid flow, one has to trace the motion of a large number of 

marker particles. 

In the VOF method, along with the conservation equations for mass and momentum, 

one only needs to solve one additional equation for the filled fraction of each numerical 

cell f , so that 1f �  in filled cells and 0f �  in empty cells, and 0 1f< <  

indicates the interface of each fluid. This method has a very successful implementation 

on the simulation of overturning free surfaces (Lin and Liu, 1998a,b). However, due to 

the first order accuracy of this VOF scheme, the interface between air and water will be 

reconstructed by either a horizontal or a vertical plane. This piecewise constant interface 

reconstruction scheme is relatively crude, and will lose the accuracy after a complex 

wave-breaking. Rider and Kothe (1998) provided a new algorithm for the volume 

tracking of interfaces. Their method approximates interfaces as piecewise linear and 

with second-order spatial accuracy. In this study, we will use the VOF method but adopt 

the piecewise linear interface reconstruction scheme to improve the solution quality and 

accuracy on the free surface. 

 

 

1.5 Scope of Present Study 
 

The purpose of this study is to discover the physical phenomena of wave-structure 

interactions. Before the numerical results are acquired, a complete numerical program 
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will be built. The numerical program is modified from Truchas 1.8.4 which is developed 

by Doug Kothe, Jim Sicilian and their Telluride team members at Los Alamos National 

Laboratory. The original program has the ability to simulate the incompressible flows 

with multi-fluid interfaces. The original code solves Navier-Stokes equations by 

adopting projection method and finite volume discretization method. However, the 

original program is not designed to deal with coastal problems; there is no suitable 

turbulence model for simulating breaking waves. Furthermore, there are only a few 

options for the boundary conditions. Therefore, modifications are needed for turbulence 

models, boundary conditions, internal wavemaker, numerical sponge layer, and moving 

solid algorithm. Truchas can become a powerful tool for studying breaking wave 

introduced coastal problems by adding these numerical functions to it. 

In this dissertation, the mathematical basis of the model will be presented in 

Chapter 2. In Chapter 3, the details of the numerical algorithms and implementations of 

the models will be given, which include finite volume method, VOF algorithm, and 

projection method. A few numerical tests will then be conducted to evaluate the model 

performance. The accuracy of the free surface tracking technique, the conservation of 

the mass and energy will be tested by using different model problems. Different 

boundary conditions such as zero pressure open boundary condition and advective open 

boundary condition will be discussed. Sponge layer as well as the internal wavemaker 

numerical tools will be presented. 

In Chapter 4, the numerical implementation of k ��  turbulence model will be 

introduced. The numerical model will then be employed to study several breaking-wave 

and wave-structure problems. Two study cases will be used to evaluate the model 

accuracy and performance. The first case will be the spilling breaker on a sloping beach. 

In this 2D simulation, the turbulence characteristics will be validated by comparing 

them with the laboratory data. In the second case, a dam-break wave interacting with a 
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square cylinder problem will be investigated. The result will be compared to the 

experimental data in terms of the wave force acting on the cylinder and time-history 

velocities.  

In Chapter 5, the landslide generated waves will be simulated. In this chapter, the 

moving solid algorithm will be developed to simulate the landslide motion. The 

simulation results will be compared with the laboratory measurements in terms of the 

surface elevation and most the runup height. The detailed three-dimensional spatial 

distribution of the velocity field as well as the inundation curve will be presented and 

discussed. 
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Chapter 2 
 
 
 

Formulations 
 

 

 

To study landslide generated waves and wave impacts on the structures in the coastal 

region, we shall first present the governing equations and boundary conditions 

describing the flow field with air-water interfaces. Because of wave breaking, a 

suitable turbulence model shall also be considered. In this chapter, two turbulence 

models will be discussed. All cases studied in this thesis are based on the physics 

introduced in this chapter. 

 

 

2.1 Navier-Stokes Equations 
 
Following the Newton’s Second Law, fluid motion of incompressible Newtonian fluid 

can be described by the Navier-Stokes Equations (NSE) in a bounded domain � : 

 ( ) 0
t
ρ ρ∂ + ∇ ⋅ =

∂
u  (2.1) 

15 
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 ( ) ( ) ( )D
p

Dt t

u u
u u g

ρ ρ
ρ τ ρ

∂
= + ⋅∇ = −∇ + ∇ ⋅ +

∂
�  (2.2) 

where u  represents velocity vector, ρ  density (mass per unit volume), τ�  the stress 

tensor, g  the gravity force vector, t  time, and p  pressure.  

Equation (2.1) represents the conservation of mass, and Equation (2.2) the 

conservation of momentum. In this study, the fluids are assumed to be Newtonian, so 

that the stress tensor is a function of the molecular viscosity �  and the rate of the strain 

�u : 

 ( )Tτ µ= ∇ + ∇u u�  (2.3) 

As the density of any fluid particle is constant, 

 0
D
Dt

ρ =  (2.4) 

the continuity equation as well as the momentum equation can be expressed as: 

 0∇ ⋅ =u  (2.5) 

 ( ) ( ) p
t

u
uu g

ρ
ρ τ ρ

∂
+ ∇ ⋅ = −∇ + ∇ ⋅ +

∂
�  (2.6) 

The above equations can be also written in the tensor format: 
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� � �
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 (2.8) 

where , 1, 2, 3i j �  for three-dimensional flows, and ij�  is the molecular viscous 

stress tensor: 
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Figure 2.1: A sketch of the flow domain and boundaries. The gray parts indicate the 

solid material. 
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Different flow conditions have different initial and boundary conditions. Along a 

solid boundary, 1
 , (Figure 2.1) the fluid has the same velocity as that of the boundary 

does, siu . Thus the boundary condition is: 

 i siu u�  (2.10) 

Another type of boundary is the free surface, 2
 , which is the interface between air 

and water. Along the free surface, both dynamic and kinematic boundary conditions are 

needed. The dynamic boundary condition describes the stresses acting on the free 

surface, and the kinematic boundary condition describes the movement of the free 

surface. As for the dynamic boundary conditions, without considering the surface 
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tension, the normal and tangential stress components must be continuous and can be 

expressed as: 

 2

2
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k

k
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n

T n
T

k

u
p S

n
u u
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n T

�

�

�	 ��� � � ��	 � 
�� �	 �	 
� �
� �� �
� �
� 	 	� � ��

 (2.11) 

where the subscripts n  and kT  denote the outward free surface normal direction and 

two tangential directions ( k =1, 2), respectively. nS  and 
kTS  are the specific normal 

and tangential stress components induced by the air flow on the free surface. The 

kinematic boundary condition requires that the free surface be a sharp boundary 

separating the two fluids that allows no flow through it. The mathematical expression 

for the kinematic boundary may be derived from the equation that describes the surface. 

The surface can be expressed in terms of a mathematical expression of the form 

� �, 0F t �x . The total derivative of the surface with respect to time would be zero on the 

surface: 

 � �

� � 2on , 0 or on 

,
0

F t

DF t

Dt
� 


�
x

x
 (2.12) 

or 

 � � 20           on , 0, or on 
F

F F t
t
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u x  (2.13) 

For the initial conditions, the whole flow field has to be given: 

 � � � �0,0i iu u�x x  (2.14) 

Therefore, the initial pressure 0p can be calculated from Equation (2.8) based on the 

initial velocity field � �0
iu x , and the initial value of F  can be represented as: 
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 � � � �0,0F F�x x  (2.15) 

The initial velocity and pressure fields have to satisfy the following conditions (see 

Figure 2.1 for a sketch of the fluid domain and boundaries): 
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 (2.16) 

 
 
2.1.1 Initial and Boundary Conditions 

 

The initial and boundary conditions described in the previous section represent the real 

physics. However, in practical computations, due to the limitation of computer 

capability, the resolution of the numerical algorithms used near the boundaries is usually 

too coarse to resolve the detailed flow field near the boundaries. Therefore, some 

assumptions and modifications have to be made so that the numerical model can 

produce reasonable results and reduce the computational cost.  

The initial flow field 0
iu  can be specified by laboratory data or analytical solutions. 

For all the cases presented in this thesis, their initial flow conditions are specified with 

zero mean velocities and hydrostatic pressure.  

The no-slip boundary condition indicates that the fluid velocity on the solid face is 
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the same as the velocity of the solid face. Since this study will explore the physics of the 

moving object (landslide) problem, we shall discuss both the stationary and moving 

boundary conditions. The most common situation in the wave hydrodynamics study is 

the stationary solid wall. In this situation, the velocity on the boundary faces will be set 

to zero. However, adopting this boundary condition indicates that a fine resolution is 

required for a numerical model to resolve the viscous sub-boundary layer. If a coarse 

grid is used, the application of no-slip condition may result in the underestimated 

velocity near the boundary cells. Therefore, if the wall stress effect is not significant to 

the main study domain and a coarse grid is used, an alternative way is to use the free-slip 

boundary condition, which can be expressed as: 

 0nu �  (2.17) 

 0Tu
n

	
�

	
 (2.18) 

where nu  is the fluid velocity normal to the wall, Tu  the fluid velocity tangential to the 

wall, and n  the normal direction of the wall. 

If the solid boundary is moving, e.g., landslide problems, the fluid boundary 

condition will be the Dirichlet type no-slip boundary condition. This means that we 

have to apply the solid movement velocity on the fluid face. However, in the numerical 

implementation, unless the mesh is remapping every time to fit the solid boundary, 

which is very expensive, the solid face rarely coincides with the fluid boundary. To 

conquer this, a moving solid algorithm (MSA) which combines the internal source 

function and partial cell treatment will be introduced in the Chapter 5. By using the 

moving solid algorithm, the moving boundary effects will be converted into an internal 

source function, and the boundary fitting problem will no longer exist. 
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2.1.1.1 Simplified free surface boundary dynamic condition 

 

On the free surface, if the resolution is fine enough, the exact free surface dynamic 

boundary condition (Equation (2.11)) should be used and the detailed free surface 

boundary layer should be reproduced. However, free surface boundaries are not 

stationary. Therefore, on a fixed grid system, the resolution around the free surface 

usually is not fine enough to resolve the boundary layer. In addition, the numerical test 

reported by Nichols and Hirt (1971) shows that with the use of (2.11), fictitious 

oscillations on free surface may happen. Thus, in this study, a simplified free surface 

dynamic boundary condition will be adopted. The simplified free surface dynamic 

boundary condition assumes that the dynamic stress from the air side is small and can be 

neglected. So the pressure on the free surface will be set to zero: 

 20, on p � 
  (2.19) 

 Because the stresses caused by air are neglected ( 0nS � , 0
kTS � ) and the 

pressure has been set to zero, from Equation (2.11), this simplified boundary condition 

implies that 0nu n	 	 �  and � � 0
kT n ku n u T	 	 �	 	 � . Nichols and Hirt (1971) 

found that such boundary conditions produced rather accurate free surface information 

when the grid size is larger than the thickness of the free surface boundary layer. 

 

2.1.1.2 Incident and radiation boundary conditions 
 

Because of the limitation of computational resources, the incident wave boundary and 

advective open boundary conditions will be employed to reduce the computational 

domain size. By specifying the fluid velocity and mass on the lateral boundary, waves 

can be sent into the fluid domain through the boundary (see Figure 2.1, the left side 
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boundary). In this study, the analytical solutions for a solitary wave (Lee et al., 1982) 

and Cnoidal waves (Wiegel, 1960) will be used to send waves into the fluid domains. 

Moreover, through the understanding of energy propagation speed, we can specify the 

outgoing flow properties to allow wave propagating out of the computational domain:  

 0gC
t n
	 		 	
� �

	 	
 (2.20) 

where 	  is a physical variable associated with waves, e.g. fluid velocities, density, … 

etc; gC  is the group velocity of waves. For long waves, the group velocity can be 

estimated by 

 ( )gC g h �� �  (2.21)  

where h  is the local still water depth and �  is the free surface elevation. Therefore, 

the application of present advective open boundary condition will be limited to long 

waves. 

Equation (2.20) is also called radiation boundary condition. We shall discuss the 

details of the numerical algorithm in the next chapter.  

 

 

2.1.2 Turbulence Modeling 
 
Most flows encountered in the coastal engineering problems are turbulent. Turbulent 

flows are characterized by randomly fluctuating velocity fields. The scale of these 

fluctuations can be small and the frequency can be high. It is usually too 

computationally expensive to simulate the detailed turbulence fluctuations directly in 

practical engineering calculations. Therefore, instead of solving the details of the 

fluctuations, the exact governing equations can be averaged or filtered to remove those 
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small scale motions. Solving the resulting modified equations becomes computationally 

less expensive. However, the modified equations contain additional unknown variables 

that need to be modeled in order to achieve “closure”. 

The Reynolds-averaged Navier-Stokes (RANS) equations represent transport 

equations for the mean flow quantities only. The turbulence of all scales must be 

modeled. The approach of permitting a solution for the mean flow variables greatly 

reduces the computational effort. The Reynolds-averaged approach is generally adopted 

for practical engineering calculations, and uses models such as k ��  turbulence 

model. 

The Large-eddy-simulation (LES) provides an alternative approach in which the 

large eddies are computed in a time-dependent simulation that uses a set of “filtered” 

equations. In finite volume method, the filter size is usually taken as the mesh size. Like 

Reynolds averaging, the filtering process creates additional unknown terms that must be 

modeled in order to achieve closure. Compared to the RANS equations, the attraction of 

LES is that, by modeling less of turbulence (or solving more), the error induced by the 

turbulence model will also be reduced. Also, it is easier to find a “universal” model for 

the small scales which tend to be more isotropic than the large eddies. 

In the following chapters, both RANS and LES will be presented. k ��  and 

Smagorinsky models are selected to be the closure models of RANS and LES 

respectively.  

 

 

2.2 Reynolds Averaged Navier-Stokes Equations 
 
In the Reynolds averaging, the solution variables in the exact Navier-Stokes equations 

are decomposed into the mean (ensemble averaged) and fluctuating components. In this 
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study,  denotes the mean (ensemble averaged) quantities, and the prime “ ' ” 

represents the turbulent fluctuations. The velocity components are: 

 '
i i iu u u� �  (2.22) 

where iu  and iu  are the ensemble mean and exact (instantaneous) velocity 

components. ( 1,2,3i � ). Likewise, the pressure components are: 

 'p p p� �  (2.23) 

Assuming the turbulent fluctuations are random, and fluid particle density is 

constant, we have ' ' 0iu p� � . By substituting (2.22), (2.23) into Equation (2.1), 

(2.5) and (2.6), and taking the ensemble average of the resulting equations, we obtain 

the governing equations for the mean flow field: 

 0
i

iu

x

	
�

	
 (2.24) 
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(2.25) 

Equation (2.24) and (2.25) are called “Reynolds-averaged Navier-Stokes” (RANS) 

equations. They have the similar form as the Navier-Stokes equations. An additional 

term, ' '
i ju u�� , represents the effects of turbulence. These Reynolds stresses, 

' '
i ju u�� , must be modeled in order to “close” Equation (2.25). One simple and natural 

way is to assume that the effect of turbulence can be represented by the enhanced 

viscosity. This leads to the eddy-viscosity assumption for the Reynolds stress: 
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� 	 	 

�� �
 (2.26) 

where t�  is the turbulent viscosity (also called the eddy viscosity), k  is the turbulence 

kinetic energy (TKE), and ij
  is the Kronecker delta ( 1ij
 �  if i j� ; and 0ij
 � if 

i j� ): 

 ' '1
2 i ik u u�  (2.27) 

The last term in Equation (2.26) is required to guarantee that both sides of the equation 

remain correctly when the normal components are considered. Although the 

eddy-viscosity assumption, or say the “hypothesis”, is not always true, it is easy to 

implement and can provide reasonably good results for many flows. 

The mean-momentum equation with the turbulent-viscosity hypothesis (i.e., 

Equation (2.26) becomes: 

 
2
3

i ji

j

ji
eff i

i j j i

u uu

t x

uu
p k g

x x x x

��

� � �

		
�

	 	

� �� �	� � 	 
	 	 �� �

� ��� � � � �

 � �� � 

� �� �	 	 	 	 

�� �� �� �

 (2.28) 

where � � � �, ,eff tt t� � �� �x x  is the effective viscosity. Again, this equation has the 

same form as the Navier-Stokes equations with u , � , and p  being replaced by u , 

eff� , and 2
3p k��  respectively. 

Turbulence is characterized by two parameters: the TKE k , or a velocity scale 

2k�� , and a length scale � . The dimensional analysis shows that: 

 t C�� ��� �  (2.29) 

where  C�  is a dimensionless constant. 
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The governing equation for turbulence kinetic energy can be derived as follows 

(Tennekes and Lumley, 1972): First, one multiplies Navier-Stokes equations (2.6) by 

the fluctuating velocity components and sums all the resulting equations. Applying the 

same procedure to the RANS equation (2.28) and subtracting these two resulting 

equations, we obtain the balance equation for turbulence kinetic energy k  (Tennekes 

and Lumley, 1972): 

 

' ' ' ' '

' '
' '
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 (2.30) 

In words, for the balance of the TKE, we have (Tennekes and Lumley, 1972): 

The time rate of change of k  + the advective transport of k  = the diffusive transport 

of k  by viscosity + (Transport of k  by Reynolds stress + Transport of k  by pressure) 

+ Turbulence production – Rate of dissipation of k . 

The terms on the left-hand side of this equation and the first term on the right-hand 

side need no modeling. The last term represents the product of the density and the 

dissipation � , the rate at which turbulence energy is converted into internal energy. The 

equation for the dissipation will be given in a later section. 

The second term on the right-hand side represents turbulent diffusion of the kinetic 

energy. It is almost always modeled by a gradient diffusion assumption (Ferziger and 

Peric, 2002): 

 ' ' ' ' '

2
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u u u p u

x
��

�

� � 	
�� � �
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�� � 	
 (2.31) 

where k�  is a turbulent Prandtl number whose value is approximately unity.  

The third term on the right-hand side of Equation (2.30) is the rate of production of 
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turbulence kinetic energy of the mean flow, which transfers the kinetic energy from the 

mean flow to the turbulence. Based on the eddy-viscosity hypothesis, this term can be 

written as: 

 ' ' ji i it
k i j

j j i j

uu u u
P u u

x x x x
�

�

� �		 	 	
� 
��� � � 
� 
�	 	 	 	

�� �
 (2.32) 

Since the right-hand side of Equation (2.30) can be calculated from quantities that will 

be computed, the development of the turbulence kinetic energy equation is complete. 

As mentioned above, another equation is required to determine the length scale of 

the turbulence. The relation of dissipation � , k  and �  will be discussed in the next 

section. 

 

2.2.1 The k ��  model 

 

The viscous dissipation term in Equation (2.30) can be expressed as: 
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 (2.33) 

in which  
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 (2.34) 

The dissipation of turbulence kinetic energy is caused by work done by the smallest 

eddies against viscous stresses. The rate of dissipation per unit mass is then denoted by: 

 ' '2 ij ije e� �� �  (2.35) 
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By the equilibrium assumption, the rates of production and destruction of 

turbulence are in near-balance (Tennekes and Lumley, 1972). The relation of dissipation 

� , k  and �  is (Tennekes and Lumley, 1972): 

 
3 2k

��
�

  (2.36) 

The idea is that, at high Reynolds numbers, the turbulence kinetic energy cascades from 

the largest scales to the smallest scales (Kolmogorov, 1941). Equation (2.36) is based on 

an estimation of the inertial energy transfer. 

It is possible to develop a balance equation for the viscous dissipation �  

(Bradshaw et al., 1981). However, the exact �  equation contains many unknown and 

unmeasurable terms. Therefore, we shall not derive it here. The standard or the most 

commonly used equation for �  is (Launder and Spalding, 1974; Rodi, 1980): 
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 (2.37) 

in which �� , 1C� , and 2C�  are empirical coefficients. 

The equation of k  can be obtained by summarizing Equation (2.30), (2.31), and 

(2.32): 
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 (2.38) 

In this model, the eddy viscosity is expressed as: 

 
2

t

k
C k C� �� � �

�
� ��  (2.39) 

The model based on Equation (2.37)~(2.39) is called the k ��  model (Launder 

and Spalding, 1974). This model has been widely used and contains five empirical  
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constants C� , k� , �� , 1C� , and 2C� . The standard k ��  model employs values for 

the constants that are calibrated by comprehensive data fitting for a wide range of 

turbulent flows (Rodi, 1980): 

 0.09C� � ; 1.00k� � ; 1.30�� � ; 1 1.44C� � ; 2 1.92C� �  (2.40) 

An extended Boussinesq relationship is applied to compute the Reynolds stresses 

with the k ��  model: 
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 (2.41) 

where ijE  is the mean flow strain rate and defined as follow: 
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 (2.42) 

Equation (2.41) is the so-called linear isotropic eddy viscosity model. Equation 

(2.41) shows that this form has an extra term on the right-hand side which involves ij
 , 

the Kronecker delta. The term is to make the formula applicable to the normal Reynolds 

stresses in which i j� . Based on the continuity, the sum of all the normal stress is zero: 
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 (2.43) 

However, in any flow the sum of the normal stress � �'2 '2 '2u v w�� � �  is 

equal to minus twice the turbulence kinetic energy per unit volume � �2 k�� . The equal 

third allocated to each normal stress component to ensure that their sum always has a 

physically correct value. 



 30 

 Because the linear isotropic eddy viscosity assumption utilized in Equation (2.41)  

may not represent the correct physics for anisotropic turbulence in complex turbulent 

flows, Pope (1975) proposed a more general nonlinear algebraic Reynolds stress closure 

model. In this model, the Reynolds stresses are the function not only the linear terms of 

the strain rate of the mean flow but also the higher-order terms. Shih et al. (1996) 

proposed a set of coefficients for all quadratic terms and calculated by using the 

turbulent flow over a step. Lin and Liu (1998a,b) adopted the similar approach and 

proposed a set of empirical coefficients for studying the breaking waves. The nonlinear 

eddy viscosity model as well as the coefficients proposed by Lin and Liu (1998a,b) will 

be adopted in this study: 
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 (2.44) 

Where 1C , 2C  and 3C  are empirical coefficients. The values of these coefficients 

from Lin and Liu (1998a,b) are: 

 1 2 30.0054,  0.0171, 0.0027C C C� �� �  (2.45) 

However, Lin and Liu (1998a,b) found that under the extreme complex flow conditions, 

the model using constant dC , 1C , 2C  and 3C  may predict unphysical situations, such 

as negative turbulence velocity or unbounded Reynolds stress components. In order to 

enforce the correct physics in complex flows, certain realizability requirements are 
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necessary. The coefficients thus have been modified in the following ways to satisfy the 

realizability requirements: 
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where  
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 (2.47) 

The modification will ensure the non-negativity of turbulence velocity and bounded 

Reynolds stress. 

 This nonlinear model has been successfully utilized to simulate breaking waves on 

a sloping beach (Lin and Liu, 1998a,b) and will be used in this study. 

 

 

2.2.2 Initial Conditions of k ��  Model 

 
In most cases, the initial condition of the mean flow field is specified with the zero mean 

velocities and hydrostatic pressure. Physically, the turbulence field should also be zero 

since nothing has happened at this stage. However, because the production term in k  

equation (2.38) is proportional to k  per se, the turbulence will remain zero if it is zero 

initially. In order to prevent this, an “initial seeding” method is imposed to this study. 

The initial seeding means that we impose a very small value on k  as the initial 
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condition. The initial values for k  and �  are modeled as follows: 

 21
2 tk u�  (2.48) 

where 2t iu c
� . 
  is an arbitrary small number. Suggested by Lin (1998), 
  is 

chosen to be 2.5 3e�  in this thesis. ic  is an empirical velocity, and ic  is determined 

as: 
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where Max() indicates the largest component of the two arguments. H  is the incident 

wave height on the boundary and h is the still water depth. The initial value of �  is 

estimated by Equation (2.39) with an empirical relationship between �  and t� : 

20t� �� .  

 The determinations of the initial values for k  and �  are purely empirical. 

However, from the numerical test we have done in this study, we found that if k �" , 

the solution is insensitive to the initial values of k  and � . However, if k �## , the 

generation of k will be greatly delayed near the breaking point. The initial values of 

k and �  in this study are about 20k �� , and the solutions are insensitive to the initial 

seeding values. 

 

 

2.2.3 Boundary Conditions of k ��  Model 

 
The balance equations for k  and �  require the following boundary conditions: 

1. Inflow (or the inlet) boundary conditions, 

2. Outflow (or the outlet) boundary conditions, 



 33 

3. Free surface boundary conditions, 

4. Wall boundary conditions. 

We shall discuss all these boundary conditions in the following sections. 

 

2.2.3.1 Inflow boundary conditions 

 

The distributions of k  and �  have to be given on the inflow faces. The values of k  

and �  can be given by the experiment data, DNS data, the analytical equations, or the 

initial seeding values.  

 

2.2.3.2 Outflow boundary conditions 

 

On the outflow faces, the same boundary conditions as those in the mean flow will be 

applied. For instance, an advective boundary condition will be applied to both mean and 

k ��  fields. 

 

2.2.3.3 Free surface boundary conditions 

 

On the air-water interface, it is difficult to prescribe the boundary conditions for k  and 

�  because the detailed interaction between air and water during the wave breaking is 

not clear. The only physical phenomenon of turbulence on the free surface we observe is 

that the turbulence does not transport across the free surface. This implies that the 

normal flux of k  and �  should be zero on the free surface: 

 0
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 (2.50) 
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2.2.3.4 Wall boundary conditions  

 

Theoretically speaking, turbulent kinetic energy should be zero on the wall. However, if 

this boundary condition is applied, a grid size must be small enough to resolve the 

laminar sub-layer for the k  equation. At high Reynolds number, this boundary 

condition is not practical. In most of engineering cases, the grid size cannot adequately 

resolve the turbulent boundary. Therefore, the alternative boundary conditions for k  

and �  equations have to be employed.  

One reasonable boundary condition is the “law of the wall” boundary condition 

derived from the wall function. In the logarithmic region of the boundary layer, the 

velocity profile can be expressed as: 

 � �1
lnTu

u Ey
u� 


� �� �  (2.51) 

where Tu  is the mean velocity parallel to the wall; 
  is called the von Karman 

constant ( 0.41
� ); E  is an empirical constant related to the thickness of the viscous 

sublayer ( 9.0E �  in a boundary layer over a smooth flat plate); y�  is a dimensionless 

distance from the wall: 

 u y
y ��

�

� �  (2.52) 

where y  is the distance from the wall. u�  is the friction velocity given by: 

 wu�
�

�
�  (2.53) 

 

where w�  is the shear stress at the wall. 
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Assuming that the flow is in local equilibrium, meaning that the production and 

dissipation of turbulence are balanced: 

 ' ' d u
P u v

dy
�� ��  (2.54) 

where u  and x  are local spanwise components, v  and y  are local streamwise 

components. 

Based on the dimensional analysis, the mean velocity gradient in this region can be 

expressed as: 
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with Equation (2.54), we have: 
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From Equation (2.41), the eddy viscosity t�  can be expressed as: 
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Substituting Equation (2.56) and (2.57) into Equation (2.39), we have: 

 
2

d

u
k

C
��  (2.58) 

From Equation (2.56) and (2.58), the k  and �  values of the boundary cells can be 

obtained from the ambient computational cells. The numerical implementation will be 

introduced in the next chapter.  
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2.3 Large Eddy Simulation 
 
As mentioned above, an alternative way to model turbulence is to “filter” out the small 

scale eddies and explicitly solve the large eddies. This method is called “Large Eddy 

Simulation” or LES. 

Compared with the RANS approach, the LES does not model all the turbulent 

motions. Instead, only small eddies are modeled. Since large eddies are more 

problem-dependent, they will be calculated explicitly by solving the filtered 

Navier-Stokes equations. Large eddies are affected by the geometries and flow 

conditions. However, small eddies are less dependent on the geometry, and tend to be 

more isotropic and problem independent. Also, the chance of finding a universal 

subgrid model is much higher when only small eddies are modeled.  

From the other point of view, when designing a coastal structure, an engineer 

should pay more attention on the large scale motions since large eddies generally 

contain much more energy than the small scale ones do. The momentum, mass, and 

energy are transferred mostly by large eddies. Therefore, it is desirable to treat the large 

eddies more explicitly than the small eddies. Solving only the large eddies along with 

the subgrid model costs much less than using DNS of the same flow.  

In the following sections, the details of the governing equations for LES will be 

presented. A subgrid model will be introduced and applied to the numerical model. 

 

 

2.3.1 Filtering 

 

In DNS, the gird size has to be small enough to resolve the Kolmogorov scale. In LES, a 

low-pass filter is performed so that the filtered velocity field can be resolved on the 
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relatively coarse grid. A filtered variable (denoted by an overbar) is defined by (Leonard, 

1974): 

 � � � � � �' , ' 'x x G x x dx	 	� $  (2.59) 

where G  is the filter function. In LES, G  can be a Gaussian, a box (a local average), 

or a cutoff (used in the spectrum method) filter. Each filter has a specified filter width 

�  associated with it. Roughly, eddies of size smaller than �  are small eddies and 

need to be modeled. The specified filter function G  satisfies the normalization 

condition: 

 � �, ' ' 1G x x dx �$  (2.60) 

In this study, since the finite-volume method (FVM) is used, it implies that FVM 

provides the filtering operation: 

 � � � �1
' ', '

V

x x dx x V
V

	 	� %$  (2.61) 

where V  is the volume of a computational cell. Therefore, the filter function G  here 

is specified as: 

 � �
1/ for '

, '
0 otherwise

V x V
G x x

� %��� ��!
 (2.62) 

 

 

2.3.2 Filtered Navier-Stokes Equations 

  

The filtered Navier-Stokes equations can be derived from applying the filter function to 

Equations (2.5) and (2.6).  A set of equations similar to the RANS equations can be 
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obtained. The filtered continuity and momentum equations are shown as follows: 

 0ii

i i

u u
x x

� �	 	
� 
� �� 
� 
�	 	� �
 (2.63) 
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� �� 

	 	 	 	 	 	�� �� �� �
 (2.64) 

where u  and p  are filtered velocity and pressure fields, respectively. It is important 

to address here that, the filtered product i ju u  is different from the product of the 

filtered velocity i ju u : 

 i ji ju u u u�  (2.65) 

The quantity on the left side of this equation is not easy to compute. A model to 

approximate the difference between these two quantities has to be introduced. The 

difference is the residual-stress tensor defined by 

 � �R
i jij i ju u u u�� �� �� �  (2.66) 

In LES, R
ij�  is also called the subgrid-scale Reynolds stress, which is analogous to the 

Reynolds-stress tensor: 

 � �' '
i j i j i ju u u u u u� �� �� �  (2.67) 

The residual kinetic energy is 

 1
2

R
r iik ��  (2.68) 

and the anisotropic residual-stress tensor is defined by 

 2
3

r R
ij ij r ijk� � 
� �  (2.69) 
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The isotropic residual stress is included in the modified filtered pressure 

 2
3 rp p k� �  (2.70) 

Substituting Equations (2.69) and (2.70) into Equation (2.64), the filtered momentum 

equation can be rewritten as: 

 
� � r

j i j ij
i

j j j i i

D u p u u
g

x x x x xDt

� �
�
� �� � 		 	 	 	 
�� �
��� � � � �
� �� 

	 	 	 	 	�� �� �� �

 (2.71) 

where the substantial derivative based on the filtered velocity is: 

 D
tDt
	

� � ��
	

u  (2.72) 

 

2.3.3 Smagorinsky Model 

 

In Equation (2.71), the subgrid-scale Reynolds stress contains the local average of the 

small scale field, therefore, the subgrid model should be based on the local velocity field. 

The most commonly used subgrid scale model is the Smagorinsky model (Smagorinsky, 

1963). It is essentially a linear eddy viscosity model: 

 2i jr
ijij t t

j i

u u
S

x x
� � �

� �	 	 
� 
��� � ��
� 

	 	�� �
 (2.73) 

 The Smagorinsky model relates the residual stress to the rate of filtered strain. The 

coefficient � �,t t� x  is the subgrid-scale eddy viscosity of the residual motions. Based 

on the dimensional analysis, the subgrid-scale eddy viscosity is modeled as: 
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� �

2

2

t S

SC

� �

� �

S

S

�
 (2.74) 

where S�  is the Smagorinsky length scale, which is a product of the Smagorinsky 

coefficient SC  and the filter width � ; S  is the characteristic filtered rate of strain: 

 � �1 2
2 ij ijS S�S  (2.75) 

 Under the isotropic turbulence condition, the Smagorinsky coefficient 0.2SC � . 

However,  in general, SC  is not a constant; its value varies from 0.1 to 0.2 in different 

flows. The present simulations have used a value of 0.15. �  is the filter width. In finite 

volume discretization, �  is the grid size: 

 � �1/3
1 2 3x x x�� � &� &�  (2.76) 

where 1x� , 2x� , and 3x�  are the three components of the grid lengths. 

 

 

2.3.4 Resolution Issues 

 

As mentioned before, proper grid spacing is required to resolve all “large” turbulent 

scales in the flow, or 80%  of the total flow energy. Therefore, what is appropriate grid 

spacing �  to resolve filtered velocity field u  adequately? To answer this question, it 

is useful to introduce a length scale EI�  as the demarcation between the anisotropic 

large eddies and the isotropic small eddies. Since the Smagorinsky model is based on 

the isotropic eddy assumption, the grid spacing �  should be smaller than EI�  (Pope, 

2001) 

 EI�# �  (2.77) 
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The eddies in the largest size range are characterized by the length scale 0� . In high 

Reynolds number flow condition (Tennekes and Lumley, 1972),  

 0 11

1 1
6 6EI L� �� �  (2.78) 

where 11L  is the longitudinal integral length and 11 0L � �  at high Reynolds number. 

One way to justify the grid spacing �  is that �  should be some ratio of a 

lengthscale L , which is defined as a function of turbulence kinetic energy k  and 

turbulent dissipation rate � : 

 
3/ 2k

L
�

�  (2.79) 

At high Reynolds number, 11 /L L  or 0 /l L  tend asymptotically to a value of 0.43 

(Pope, 2001): 

 011 0.43
lL

L L
� �  (2.80) 

Based on a channel flow study (Baggett et., al., 1997), 80%  of the total flow energy is 

resolved and good results can be obtained (compared to the DNS results) if the ratio 

between �  and L  is chosen as: 

 1
10L

�
�  (2.81) 

The above-mentioned equations (2.81) and (2.80) show that a grid spacing smaller than 

the one-twentieth of the local largest eddy size yields a good result from LES. 

 
0

1
20

�
�

�
  (2.82) 

Gullbrand and Chow (2003) also suggested that the appropriate grid resolution for a 
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simulation should consider the following two concerns: First, the grid should be fine 

enough to resolve important physical characteristics. Second, the grid should be fine 

enough to obtain a solution that is not greatly affected by the numerical errors. As 

addressed in Equation (2.81), a 10 x 10 grid is required in the local cross-section to 

resolve a local largest eddy. In this study, the local largest eddy size is obtained from the 

laboratory data or from the grid refinement. Determining the local largest eddy size 

before obtaining the final numerical solutions is important, and this can guarantee the 

solution quality. The numerical error, on the other hand, is more difficult to be 

determined especially in a non-uniform, or unstructured grid. However, in chapter 3, an 

estimation of the numerical error based on the uniform grid will be present, thus the 

numerical error can be roughly estimated. 

 

 

2.3.5 Near-Wall Treatment 

 

In the near-wall viscous sub-layer region, the largest local turbulent eddy sizes are 

limited by the viscous scales. From Equation (2.82), the well resolved LES requires 

grids nearly as fine as those used in DNS. This restriction can be applied not only to the 

wall-normal direction but to the streamwise direction. Near-wall resolution requirement 

clearly limits the application of LES to simulating high Reynolds number flows. 

Therefore, a modeling strategy is required to solve the practical applications. Instead of 

modeling every detail in the near-wall region, this study uses a wall function approach 

to reduce the number of computational cells. Cabot and Moin (2000) derived a set of 

near-wall damping functions and used them to approximate the eddy viscosity at the 

first cell adjacent to the wall. The eddy viscosity t�  is obtained from a RANS type 

mixing-length eddy viscosity model with near-wall damping: 
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 � �
2

/1 wy At
wy e

�



�

���� �  (2.83) 

where /w wy y u� �
� �  is the distance to the wall in wall units, 0.41
�  and 19A�  

(Cabot and Moin, 2000). The filtered velocity field is assumed to satisfy the no-slip 

condition on the wall. 
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Chapter 3 
 
 
 

Numerical Implementation of 
Navier-Stokes Equations and Model 
Testing 
 

 

 

In the previous chapter, we have introduced the physics and equations relevant to 

wave-structure interactions and landslide problems. In order to simplify the presentation, 

we choose to postpone the discussion on the turbulence models in this chapter. 

Numerical implementations of the turbulence models will be presented in Chapter 4.  

Instead, in this chapter, we will focus on the method for solving the Navier-Stokes 

equations. The current numerical model is modified from Truchas 1.8.4, which is 

developed by Doug Kothe, Jim Sicilian and their Telluride team members at Los 

Alamos National Laboratory. The original program solves Navier- Stokes equations by 

the projection method with finite volume discretization. Their program has the ability 

of dealing with multi-fluids by using volume-of-fluid (VOF) method. However, the 

original program is not designed for studying coastal problems, and no suitable 

turbulence model is used to simulate strong turbulence during wave-breaking 

processes. Therefore, we shall take the advantage of this existing Navier-Stokes 

44 
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equation solver, and add adequate turbulence models as well as several other features 

so as to address the coastal problems with complex flow conditions. 

We will first discuss the finite volume discretization method. It is followed by the 

discussion on a spatial interpolation method of the physical quantities. The volume of 

fraction interface tracking method, the two-step projection method, boundary 

conditions, internal wavemaker, numerical sponge layer as well as a testing case will 

be discussed in the successive sections. 

 

 

3.1  Finite Volume Discretization Method 
 

In order to numerically solve the balance equations introduced in the previous chapter, a 

spatial discretization method is needed. There are three major spatial discretization 

methods in the field of computational fluid dynamics (CFD):  finite difference method 

(FDM) (Richtmyer and Morton, 1967; Strikwerda, 1989), finite element method (FEM) 

(Zienkiewicz, 1977), and finite volume method (FVM) (Vinokur, 1989; Ferziger and 

Peric, 1996).  

The finite difference method is probably the most widely used method, and is very 

simple and effective to be applied on structured orthogonal meshes. Particularly a 

high-order numerical algorithm can be easily developed for regular meshes. The 

disadvantage of FDM is that the conservation law is not enforced unless special care is 

taken. Moreover, its restriction to simple geometries is a significant disadvantage in 

dealing with complex flows (Rhie and Chow, 1983). FEM, on the other hand, can 

effectively be used to solve parabolic or elliptic partial differential equations (PDEs) 

on the complex unstructured meshes. However, accurate FEM solutions to hyperbolic 

PDEs are achievable only within the last decade.  
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On an orthogonal mesh, FVM is very similar to FDM. On the other hand, for a 

unstructured mesh, both FVM and FEM employ the integral (weak) form of the 

conservation equations. Since FVM is conservative, it is suitable for complex 

geometries, and hyperbolic systems can also be easily discretized as other systems. 

Without using any interpolation coefficient or shape function, the basic form of FVM 

is much “cleaner” than FEM. In this study, we will adopt FVM to discretize the flow 

domain. 

Consider a general conservation equation for an arbitrary quantity 	 : 

 � � � �S
t
	

	 	
	

��� �
	

u  (3.1) 

where S  is a source term which is generally dependent upon 	 . The finite volume 

method starts from the volume integral form of the PDE, e.g., for equation (3.1), we 

have, 

 � � � �S dV
t
	

	 	
� �	
� ���� �
� �	� �

$ u  (3.2) 

By applying the Gauss divergence theorem, Equation (3.2) can be expressed as 

 � � � �dV d S dV
t
	

	 	
	

� � �
	$ $ $A u� , (3.3) 

The physical domain then can be divided into a number of discrete volume elements 

(“cells”) denoted by subscript i . 

In Equation (3.3), the volume integral can be viewed as the integral over each 

control volume (the cell) and the surface integral is over the boundary surface of the 

cell. Equation (3.3) can then be approximated by a discrete numerical scheme: 

 ' (
1 1n n

nn ni i
iff

fi

S
t V

	 	
	




� � � �� � �� �� �) A u , (3.4) 
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where n  indicates the thn  time step, iV  is the thi  cell volume, and subscript f  

indicates the cell (control volume) face. 

On the LHS of Equation (3.4), the surface integral has been approximated as a 

sum over discrete control volume faces f  with an area vector fA ; iV  is the 

control volume, and �	  is a local volume-averaged value, 

 1
i

i

dV
dV

VdV

	
	 	� �

$
$

$
, (3.5) 

and similarly for iS , 

 1
i

i

SdV
S SdV

VdV
� �
$

$
$

, (3.6) 

In Equation (3.4), a first-order forward time scheme has been adopted. For 

spatially second order schemes, 	  is assumed to vary linearly in space. Hence i	  is 

expressed as: 

 � �i c	 	� x , (3.7) 

where cx  is the geometric centroid of the control volume. Similarly, the face quantities 

f
	  are given at the geometric centroid of each face.  

Because of the usage of FVM, it is nature to adopt the collocated arrangement 

which defines all the fluid properties at the cell centroids, including density, pressure, 

velocities, viscosities, k , � ,…, etc. However, from Equation (3.4), the FVM requires 

information not only at the cell centroid but also on the face centroid. The face 

centroid quantities may be a scalar (e.g., density), a vector (e.g. velocity vector), or a 

gradient (e.g., pressure gradient or velocity gradient). Therefore, an algorithm is 

required to convert cell centroid data to face centroids or to evaluate the quantity 
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gradients at each cell centroid. This algorithm is crucial because it determines the 

accuracy of the discretization method. In this study, we are seeking a spatial 

reconstruction scheme whose accuracy is up to second order and can be easily applied 

to 3-D, unstructured meshes. The least square linear reconstruction (LSLR) method 

will be used in this study. 

 

 

3.2 Least Square Linear Reconstruction (LSLR) 
Method 

 

Consider a discrete scalar data 	  at cell centroid ix , the first-order derivatives 

(e.g., i i	� ) on 2-D and 3-D fully-unstructured meshes can be made by least-square  

method. Barth (1995) first devised the least square algorithms for the linear and 

quadratic reconstruction of discrete data on unstructured meshes. Second (and higher) 

order accuracy has been demonstrated on highly irregular (e.g., random triangular) 

meshes.  

In LSLR approach, Taylor series expansions are used to approximate TS
n	  from 

the reference cell i  at cell centroid ix  to each immediate neighbor cell n  at 

centroid nx : 

 
� � � � � � � �

� �
...

...

TS TS
n n i n i i

i n i i

n

	 	 	 	

	 	

	

� � � � �� �

� � � �� �

�

x x x x x

x x  (3.8) 

where n	  is the definition of immediate neighbor cells, being those cells share at least 

one vertex with the reference cell i . Assume that only the first derivative terms are 

retained in the expansion (that is called a linear reconstruction),  



 49 

 � �TS
n i n i i n	 	 	 	� � � �� �x x  (3.9) 

the sum � �2TS
n n	 	�  over all n  immediate neighbors is then minimized in the least 

squares sense: 

 � � � � � �2
min 0

TS
n nTS TS

n n n n
n n i

	 	
	 	 	 	

	

	 �
� * � �

	�) )  (3.10) 

The above minimization yields N  (= ndim * nneighbors) equations for the unknown 

components of i	� . Here ‘nneighbors’ is the total number of immediate neighbors, and 

ndim is the dimension of the system, i.e., the number of unknowns for i	� . If N < 

ndim the system is undetermined, if N = ndim, the system is solvable, and if N  > 

ndim, the system is overdetermined. In general, the system is overdetermined, hence a 

minimizing solution has to be sought according to Equation (3.10). 

The least square solutions of Equation (3.10) can be found by solving a linear 

system:  

 � �T T�A WA x A Wb  (3.11) 

where A , 
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A � � �  (3.12) 

is a dense ndim * N  matrix, and W , 
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 (3.13) 

is a diagonal N * N  matrix. The diagonal entries in W  are individual weight 
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d g
k k kw w w� + , where g

kw  is geometric weight, and d
kw  is  a data-dependent weight. 

The geometric weight g
kw  is defined as: 

 
� �2

1g
k

k i

w �
�x x

 (3.14) 

The data-dependent weight d
kw  is unity by default, and is the optional WEIGHT 

argument used in all discrete operator procedures. Therefore its value is determined at 

execution time. The vector b  (length N ) is given by 
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b �  (3.15) 

and the solution vector x  (length ndim) is 
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z i
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��� �

x  (3.16) 

Where x� , y� , and z�  are x , y , and z  components of the spatial gradients. 

 After carrying out the matrix-vector and matrix-matrix multiplications in Equation 

(3.11), a linear system 

 ' '�A x b  (3.17) 

is obtained, where 'A  is a ndim * ndim matrix, 

 '
n ni ni n ni ni n ni nin n n

n ni ni n ni ni n ni nin n n

n ni ni n ni ni n ni nin n n

w x x w y x w z x

w x y w y y w z y

w x z w y z w z z
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A  (3.18) 

where ni n ix x x
 � � , ni n iy y y
 � � , ni n iz z z
 � � . The vector 'b  (length ndim) is 
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given by 

 '
n ni nin

n ni nin

n ni nin

w x

w y

w z
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)

b  (3.19) 

where ni n i
	 	 	� � . The resulting ndim * ndim linear system is easily solved by LU 

decomposition. 

We notice that the reference value i	  in Equation (3.8) and (3.9) is not necessity 

the same as that at each cell centroid, it can be anywhere inside the fluid domain. If the 

reference value f	  is on the cell face centroid, then Equation (3.9) can be modified 

as: 

 � �TS
n f n f f	 	 	� � � ��x x  (3.20) 

However, since f	  is unknown in Equation (3.20), f	  will be a part of the equation. 

Therefore: 
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and the matrices for the linear system are: 
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A linear system similar to Equation (3.17) with (ndim+1) * (ndim+1) is easily solved by 

the LU decomposition. 

The Least square reconstruction method is attractive for the following reasons: 

First, it can be applied to any mesh topology including structured and unstructured 

meshes in one, two, or three dimensions. What we need to provide is the cell centroid 

discrete data values and the physical location of those known and unknown points. 

Second, the discrete data points can be arbitrarily weighted by the data-dependent 

weights d
kw . When performing the water wave simulation, this arbitrary weighting 

function is especially useful for avoiding using information from the air part if the air 

stresses can be neglected. Third, this method has been demonstrated to provide second 

(and higher) order accuracy on highly irregular meshes (Barth, 1995). This accuracy 

satisfies the requirement of this study.   
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3.3 Interface Kinematics 
 

We have introduced the finite volume discretization method used in this research and 

the way to perform the interpolation and to evaluate the gradient on a 3-D unstructured 

mesh. Because all the cases in this study are interfacial flows, we shall introduce the 

interface kinematic first in this section. As mentioned in Chapter 1, volume tracking 

algorithms have been chosen in this study. We found that volume tracking algorithms 

are useful for both 2-D and 3-D structured (Rider and Kothe, 1998; Kothe et al., 1996) 

and unstructured (Mosso et al., 1997; Kothe et al., 1999) meshes. Rider and Kothe 

(1998) devised and implemented volume tracking algorithms which reconstruct 

piecewise linear (planar) fluid interface from discrete fluid volume data. The volume 

tracking algorithm, developed by Kothe et al. (1999), has its robustness and 

computational efficiency, having at least the second-order accuracy in space, and 

maintainence of local conservation and compact interface width. The detailed 

algorithms will be discussed in the following sections. 

 

 

3.3.1 VOF Equations 
 

Starting from the mass conservation equation (Equation (2.1)), based on the Lagrangian 

invariance for each of the thm  fluid density, we obtain 

 � � 0m
mt

�
�

	
��� �

	
u  (3.24) 

The fluid density m�  can be expressed as the product of volume fraction mf  and 

constant fluid density 0
k� : 
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where mM  is the mass of fluid m , V  the cell total volume, mV  the volume occupied 

by fluid m , and mf  the volume fraction of a cell volume V  occupied by fluid m : 

 m
m

V
f

V
�  (3.26) 

and a cell density is related to the volume fraction: 

 0
m m

m

f� ��)  (3.27) 

Equation (3.24) then can be written as: 
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u  (3.28) 

Since each 0
m�  is constant, mf  can be expressed as: 

 � � 0m
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f
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u  (3.29) 

Equation (3.29) is called the VOF equation and can be discretized based on FVM 

(Equation (3.4)): 

 ' (1 1 nn n n
m m m ff

fi

f f t f
V


� � �� � �� �� �) A u  (3.30) 

The second term on the RHS of Equation (3.30) denotes the volume fluxes across 

the cell faces of fluid m . However, unless small t
  has been used, the error could be 

large if the volume fluxes are estimated by the volume fraction on cell faces (Figure 

3.1). The volume fluxes can be estimated more precisely based on the geometric 

calculation: 
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Figure 3.1: The advected mass through a cell face. The left one tends to have larger error 
than the right one. 
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where ,
n

m ff  represents the volume fraction of n
fV
  associated with a particular 

material m  through a cell face: 
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n
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m f n
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V
f
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�  (3.32) 

Detailed discussion will be presented in the next section. 

We should point out that all the fluids inside a cell share the same velocity. In 

other words, one-field approximation has been invoked.  

Equation (3.29) is therefore the evolution equation for the location of each fluid. 

The volume fractions mf  are bounded by 0 1mf, , , where 

 
1, inside fluid ;

0, 1, at the fluid  interface;
0, outside fluid .

m

m

f m

m

������ - # ����!

 (3.33) 
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Since fluid volumes are volume-filling, volume fraction must sum up to unity, 

1m
m

f �) , throughout the domain. In seeking solutions to Equation (3.31), fluid 

volumes are marched forward in time.  

 

 

3.3.2 Volume Tracking Algorithm 
 

In order to solve the new time-step volume fractions 1n
mf
�  from Equation (3.31), we 

need the information of ,
n

m ff . In this study, a multidimensional PLIC (piecewise linear 

interface calculation) (Rider and Kothe, 1998) is utilized to construct the plane in every 

interface cell. The plane is then used to estimate ,
n

m ff . 

The PLIC algorithm consists of two steps: a planar reconstruction and calculation 

of volume flux of each material across every cell face. As for the first step, the 

fluid-fluid interface within a cell is assumed to be a plane. Using the information on 

n
mf , the orientations of the interfaces can be estimated. The orientations of the 

interface are evaluated as gradients of the n
mf . As for the second step, the volume of 

each materials crossing every faces can be evaluated by multiplying the fluxes by t� . 

This volume is then used to update the volume fraction in every cell and to transport 

other quantities in the momentum conservation equations. We shall discuss the 

detailed algorithm in the following sections. 

 

3.3.2.1 Interface normal estimation 

 
A normal vector to an interface between a material m  and any number of other 

materials is defined as the gradient of the volume fraction data 
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 mf��n  (3.34) 

and can be normalized as: 

 ˆ m

m

f
f

�
�

�
n  (3.35) 

The cell center and cell faces gradient calculation are carried out via the least square 

algorithms documented in chapter 3.2. 

By assuming the interface geometry is piecewise linear (planar), the interface of 

each cell can be described as: 

 ˆ 0pC� � �n x  (3.36) 

where x  is a point anywhere on the plane and pC is the plane constant to be 

determined.  

 

3.3.2.2 Reconstructing the interface 

 

Consider each fluid m , after having determined the interfacial normal vector n̂ , the 

interface locations can be calculated iteratively. For each interface cell, the interface 

plane divides space into regions inside and outside the thm  fluid, depending upon the 

direction chosen for n̂ . Based on the definition expressed in Equation (3.35), n̂  points 

into the fluid. Hence, ˆ pC� �n x  (Equation (3.36)) will be positive for any point lying 

within the fluid, zero for any point x  lying on the plane, and negative for any point x  

lying outside the fluid m . The fluid volume trV  is the truncation volume lying within 

the fluid and separated by Equation (3.36). By changing pC , trV  will be changed. Our 

goal is to find the constant pC  iteratively (see Figure 3.2) so that a nonlinear function 

defined as: 
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Xp

 

Figure 3.2: Locating the interface. The interface can be moved up and down by 

changing C  (Equation (3.36)) and followed the direction of n̂ .  This is constrained 
by the volume conservation. 

 

 � � � � 0p tr pF C V C f V� � + �  (3.37) 

becomes zero or smaller than a convergence criteria. Here � �tr pV C  is the fluid volume 

in the cell bounded by the interface plane (with constant of pC ), V  is the cell volume  

and f is the volume fraction of the fluid. The algorithm of geometric calculation of the 

truncation volume trV  can be found in Rider et al. (1998) and Kothe (1999). 

When � �pF C  is equal to zero or smaller than a certain tolerance, the interface 

plane is declared “reconstructed” in that cell. There are many root-finding algorithms, 

e.g., Bisection, Newton’s method and Brent’s method, are available to find the zero of 

this nonlinear function, but Rider and Kothe (1998) have found Brent’s method (Press 

et al., 1986) to give the best results in practice. 

After the interface plane is reconstructed, a geometric calculation of volume 
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fluxes of different fluids across cell faces can be done based on the plane equation 

(3.36) of each cell. 

Now our volume tracking algorithm template is summarized as follow: 

 

1. Estimate the interface normal n̂  from discrete mf  data. 

2. Find the plane constant pC  in Equation (3.36) by solving (3.37) to reconstruct 

the interfaces within the cell in a volume conservation manner. 

3. A geometric calculation of the volume fluxes of different materials crosses cell 

faces based on ,
n

m ff . 

4. Update the cell center volume fraction from Equation (3.31). 

 
 
3.3.3 Void Model 
 
In our simulations, because both pressure gradients and momentum flux are often much 

smaller in the air regions of the fluid domain than in the water regions, a void model can 

be used to simplify the equations in the air regions.  

Voids are used to represent regions where the Navier-Stokes equations are not 

solved. For example, instead of solving the Poisson pressure equation, the pressure in 

void regions is a constant or described by a simple ideal gas law /PM RT� , where 

P  is the pressure of air, M  is the mass, �  is the density, R  is the universal gas 

constant, and T  is the temperature. When the density of air is described as zero 

( 0air� � ), the air becomes a void. Therefore, the air region is similar to the vacuum 

regions in the void treatment.  

Once the void model is applied, the data-dependent weight d
kw  (Equation (3.13)) 

is zero in the air region: 
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 � � 0d
k air

w �  (3.38) 

Therefore, there is no momentum contribution from air. This implicitly implies that a 

stress-free assumption has been applied to the free surface. 

 

 

3.4 Projection Method 
 

The projection method has been widely used to solve the Navier-Stokes equations. This 

method was first proposed by Chorin (1968, 1969) and then used by Bell and coworkers 

to solve the constant-density (Issa, 1986) or variable-density (Rider and Kothe, 1998) 

incompressible NS equations. In this study, the projection method will be used to solve 

the NS, filtered NS, and RANS equations.  

In the projection method, momentum equations (Equation (2.6)) can be described 

by two fractional steps: 

 � � � �� �
1 *n n n

nn n T

t
� �

� �
� �
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�

u u uu u u  (3.39) 
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u u g  (3.40) 

where Equation (3.39) is an explicit expression for the interim velocity *u , referred to 

as the predictor step. In Equation (3.39), all forces except gravity and pressure 

gradient are included. Equation (3.40) is termed the projection step. Combining 

Equation (3.39) and (3.40) exactly produces the time discretization of Equation (2.6): 
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 (3.41) 



 61 

No additional approximation results from this decomposition. 

Equation (3.40) relates 1n�u  to *u . By adopting the solenoidal condition 

(Equation (2.5)), we have: 

 
1 *

1

n

n

p
t�

�

�

� �� 
� 
�� ��� �� 
� 
��� �
u g  (3.42) 

Equation (3.42) is named the Poisson Pressure Equation (PPE). New time-step 

cell-centered pressure 1np �  can be solved from Equation (3.42), and cell-face 

pressure gradient 1n
fp ��  is calculated from a stencil correspondent to that of the 

density interpolation to faces. Equation (3.40) is then used to calculate the solenoidal 

face velocity field: 

 
1

1 *
1

n
fn

f f fn
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p
t
�

�
�

�

� �� 
� 
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�� �
u u g  (3.43) 

Finally, the pressure gradient on cell faces 1 1n n
f fp �� ��  is interpolated to cell 

centers in order to obtain the new time-step velocity field 1n�u  which satisfies the 

divergence free constrain enforced by Equation (2.5), from Equation (3.40). 

In the following sections, the details of the algorithm used to solve Equation (3.39) 

and (3.40) will be presented.  

 

 

3.4.1  Momentum Advection 
 

After obtaining the volume tracking results (Section 3.3), the momentum advection 

� �n
��� uu  can be evaluated by the face-centered velocities. Discretizing the advection 

term of Equation (3.39), we obtain: 
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f f ff

f f

t dV V M� 
 �� �� � �) )$ uu u u  (3.44) 

where fV
  is the advected volume through each cell face, and n
fM  is the advected 

mass through each cell face. Consider Figure 3.1 that illustrates the advection of 

material across the right face of a cell containing an interface between two fluids. The 

advected volume is: 

 ˆf f f f f fV t tA
 �� � �� �A u u n  (3.45) 

where ˆf f�u n is the component of the solenoidal face velocity fu  normal to the face, 

and fA  is the face area. 

The mass of each material m  leaving a cell across face f  can be expressed by 

multiplying the ,m fV
  and the corresponding densities: 

 0
, ,m f m m fM V� 
�  (3.46) 

and with Equation (3.32): 

 0
, ,m f m f m fM V f� 
�  (3.47) 

The total mass leaving a cell face f  is defined as:  

 ,f m f
m

M M�)  (3.48) 

Equation (3.44) can then be written as: 
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 (3.49) 

where � � ,
n n

f f m ff�A u  is directly obtained from Equation (3.31), thus Equation (3.44) is 
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consistent with mass advection. Note that Equation (3.49) also indicates an upwind 

value which is first order accurate approximation. 

 

 

3.4.2  Momentum Diffusion 
 

In this study, the fluids are assumed to be Newtonian fluids. Viscous forces are 

incorporated into the predictor estimate of the cell-centered velocity field by using n  

time step velocity field. This explicit approximation eliminates the need of solving a 

system of equations. 

The net viscous stress on the control volume is calculated by applying the 

divergence theorem to the volume integral of the local stress. This reduces to a sum of 

the dot product of the face normal vector with the local velocity gradient multiplied by 

the face area: 

 � �� � � �ˆ
nnn T n T

f f f f f
f

A� � � ��� � �� � � � ��� �� �)u u n u u  (3.50) 

The velocity gradient is calculated by the least squares method (Chapter 3.2). The 

cell center viscosity �  is evaluated by using volume weighted technique.  

 m m
m

f� ��)  (3.51) 

 The cell center viscosity is then harmonically averaged to face centroids by using 

an orthogonal approximation: 

 2
1 1f

nb p

�
� �

�
�

 (3.52) 

where nb�  is the neighbor cell viscosity, and p�  is the cell center viscosity. 
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3.4.3  Projection 
 
After obtaining the momentum advection and diffusion, the “predicted” velocity *u  

can be calculated based on Equation (3.39). The predicted velocity *u  and 1n� �  are 

then interpolated to cell faces to obtain *
fu  and 1n

f�
� . Since we assume velocity does 

not vary discontinuous near an interface, the velocity interpolation can be done by the 

least square linear reconstruction (Chapter 3.2). However, because density varies 

discontinuously on an interface, we have to limit the size of the stencil. The cell face 

densities are calculated by averaging the cell densities on either side of a face.  

The discretization of Equation (3.42) is: 
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where cell face pressure gradient 1n
fp ��  is calculated from the stencil same as that in 

the density interpolation to faces: 

 
1 1

1
n n
nb pn

f

p p
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� �
� �

� �  (3.54) 

Here 1n
nbp �  is the neighbor cell pressure, 1n

pp �  the cell pressure, and x
  the 

centroid-to-centroid distance. 

We solve Equation (3.53) for the cell-centered pressure 1np � . Equation (3.43) is 

then used to calculate the solenoidal face velocity field 1n
f
�u . The last step is to 

interpolate 1 1/n n
f fp �� �� �g  to cell centers, and with Equation (3.40) and *u  to 

obtain cell center velocity field 1n�u . 

Equation (3.53), the Poisson Pressure Equation (PPE), is a set of linear algebraic 
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equations for the pressure field that can be solved by iterative methods. The equation 

is basically elliptic in nature, and can be expressed in matrix notation as: 

 �Ax b  (3.55) 

where A  is a matrix resulting from finite volume discretizations of the Laplacian. 

We can expect that A  is sparse and symmetric in general. Thus when we are 

choosing a linear solution method, we should take advantage of this structure. 

In this study, Krylov subspace methods (Golub and Van Loan, 1989; Saad 1996) 

are used. If a 3-D structured mesh system is used, it indicates that A  is symmetric, 

conjugate gradient (CG) algorithm with symmetric successive over-relation (SSOR) 

(Varga, 1962) preconditioner (Strang, 1976; Strang, 1986; Golub and Van Loan, 1989) 

will be our choice. If 3-D unstructured grids are used, we use the preconditioned 

generalized minimal residual (GMRES) algorithm (Saad and Schultz, 1986) for our 

Krylov method. For GMRES, the preconditioning method is the two-level Schwarz 

multigrid method (Cai, 1995; Saad, 1996) with SSOR as the preconditioning 

preconditioner.  

 

 

3.5 Computational Cycle 
 

We now present the complete cycle to update the field variables within one time step. 

Given values of nu , n
fu , and np , we advance the solution to time 1n�  in the 

following steps: 

 

1. Solve Equation (3.31) for  1n
mf
�  using n

fu  and utilizing the multidimensional 

PLIC volume tracking algorithm. New time step cell density 1n� �  is obtained via 
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1n
mf
�  and Equation (3.27). A geometric calculation of volume fluxes of different 

materials crosses cell faces.  

2. Obtain *u  by Equation (3.39) where � �n
��� uu is evaluated by using the volume 

flux information obtained directly from the previous step, and the viscous force is 

obtained via Equation (3.50). 

3. *
fu  and  1n

f�
�  are obtained by interpolating *u  and 1n� �  to cell faces.  

4. Solve PPE (Equation (3.42) and (3.53)) to obtain cell center pressure 1np � . 

5. A solenoidal face velocity field 1n
f
�u  is obtained by Equation (3.43). 

6. Finally, ( 1 1/n n
f f fp �� �� �g ) will be interpolated to cell center to obtain 1n�u  from 

*u  via Equation (3.40). 

 

The accuracy of this algorithm is first order in time and space. It is because we use 

forward differencing in time and upwind scheme in space. From the numerical 

experiments and several numerical simulations of breaking waves (Lin and Liu 

1998a,b), this accuracy is high enough for studying the breaking-wave problems.  

In terms of the boundary conditions, different steps require different boundary 

conditions and will be addressed in the next section. 

 

 

3.6 The Implementation on Boundary Conditions 
 

We have introduced several boundary conditions (BCs) in Chapter 2. Those boundary 

conditions are free-slip wall BC, no-slip wall BC, zero-pressure open BC, moving solid 

BC, incident wave BC, and advective open BC. Except the moving solid BC, which will 

be introduced in the next chapter, the numerical implementations of all the other BCs 

will be discussed here. 
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Figure 3.3: A sketch map of the free-slip boundary condition. The lower part is the 

image part. 

 

Basically we can divide the boundary conditions into two categories: Dirichlet 

and Neumann type boundary conditions. For the Dirichlet type boundary conditions, 

the fluid quantities are specified on the boundary faces. Neumann type boundary 

conditions, on the other hand, specify the quantity gradients. Hence, the no-slip wall 

BC and pressure BC are the Dirichlet type boundary conditions, and free-slip wall BC 

is the Neumann type boundary condition. As for the incident wave and advective open 

boundary conditions, the time dependent volume and momentum fluxes are specified 

on the boundary faces, they can be categorized as the Dirichlet type boundary 

conditions. We shall discuss the details of each different boundary condition. 
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3.6.1 Free-Slip Stationary Wall Boundary Condition 
 

The physical meaning of free-slip boundary condition is that the wall is impermeable 

and there is no tangential shear stress generated on the wall. From the other point of 

view, because this wall behaves like a mirror (Figure 3.3), it is called a symmetry plane 

too. Mathematically, velocity component normal to the wall is zero (Equation (2.17)), 

and the tangential velocity gradient components parallel to the boundary faces are zero 

(Equation (2.18)). Therefore, at the free-slip wall boundary faces, the convective fluxes 

of all quantities are zero.  

In the numerical implementation, the free-slip wall boundary condition will be 

enforced via the least-squares spatial discretization scheme. In the VOF equation 

(Equation (3.31)), since nu  and n
fu  are obtained from the previous time-step, no 

boundary is required. The flux is zero on the boundary faces: 

 0n

wall
� �� �� �� �A u  (3.56) 

where notation ' (wall
 indicates the wall boundary and A  is the area vector of the wall. 

This zero volume flux condition will be implemented to momentum advection 

(Equation (3.49)) as well. In the momentum diffusion, 0Tu n	 	 �  will be applied in 

the predictor step on the boundary faces. Then, 0nu �  will be enforced via LSLR 

when interpolating *u  to *
wallu  as discussed above. 

In Equation (3.43), since the velocity component normal to the wall is zero: 

 ' ( ' (* 1 0n
N Nwall wall

u u
�

� �  (3.57) 

and the gravity component normal to the wall is zero (because of the symmetry on the 

wall, see Figure 3.3), 

 ' ( 0N wall
g �  (3.58) 
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it is equivalent to specifying a Neumann pressure boundary condition for the pressure 

correction: 

 ' ( 1 0n
N N wall

p
�

� �  (3.59) 

 

 

3.6.2 No-Slip Stationary Wall Boundary Condition  
 

The physical meaning of this boundary condition is that viscous fluids are stuck on the 

solid wall boundary. The mathematical expression is shown in Equation (2.10) 

( 0s� �u u ) which is a Dirichlet boundary condition. 

Similar to the free-slip boundary condition, because there is no flux through the 

wall, all the convective fluxes are zero. We can apply this boundary condition to VOF 

equation and momentum equation to obtain 1n
mf
�  and momentum advection. 

Combining Equation (2.10) and the continuity equation (Equation (2.5)), the 

following equations can be derived: 

 0 0nT

wall wall

� �� � 		
� �� � � * �
� �� �	 	� � � �

uu
T n

 (3.60) 

where Tu  is the velocities tangential to the wall; nu  the velocity normal to the wall, 

T  the tangential vector of the wall, and n  the normal vector of the wall. 

Therefore, on a wall boundary, not only the zero velocity and zero flux will be 

applied, Equation (3.60) will also be implemented to the momentum diffusion. The 

rest of shear stresses on the wall face can be calculated by using one-side extrapolation 

approximation.  

Because the predicted velocity on the wall boundaries is known as the wall speed, 
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 * 1n
f wall

��u u  (3.61) 

the pressure gradient on the wall face can be calculated explicitly via Equation (3.43): 
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�
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�

�
� g  (3.62) 

For the same reason as that described in free-slip boundary condition, the gravity 

component normal to the wall is zero, 

 ' ( 0N wall
g �  (3.63) 

hence, it is equivalent to specifying a Neumann boundary condition: 

 ' ( 1 0n
N N wall

p
�

� �  (3.64) 

 

 

3.6.3 Pressure Dirichlet Boundary Condition 
 

For the wave simulations, we frequently specify 0fp �  on one side of the domain to 

simulate an open boundary condition. This pressure Dirichlet open boundary condition 

physically indicates that the boundary is open to the atmosphere. 

When the pressure is specified on the boundary faces, velocity then can not be 

prescribed. When solving the VOF equation (Equation (3.31)), since all the 

information is from the old time-step solutions ( nu  and n
fu ), no boundary condition 

is required. The volume flux information will be brought in to calculate the 

momentum advection of Equation (3.49). The boundary face velocity gradients n
f�u  

used to calculate the momentum viscous are extrapolated from the interior using 

LSLR. Then the predicted velocity *u  can be calculated. Up to this step, no boundary 
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condition has been applied. 

At the correct step, pressure Poisson equation (Equation (3.53)) is solved to obtain 

1np � . The zero pressure boundary condition is applied to the linear solution solver 

where the pressure gradients at the boundary faces are interpolated based on the 

known Dirichlet pressure boundary conditions and interior cell points. Then the 

pressure boundary condition will be used in Equation (3.43) to obtain 1n
f
�u . In the last 

step, the boundary condition will be implemented again when interpolating the cell 

face pressure gradients to cell centroid in order to obtain 1n�u . 

 

 

3.6.4 Incident Wave Boundary Condition 
 

To send waves directly from one side of the boundaries, we specify the volume fluxes 

and boundary velocities on the boundary faces. The volume fluxes and boundary 

velocities are prescribed based on the time history of velocity and volume fraction: 

 � �1 1 ( ) ,n n
wall wall t h�� �� �u u x  (3.65) 

 � �� �1 1
, , ,n n

m wall m wallf f t h�� �� � x  (3.66) 

where wallf  indicates the incident wave boundary faces, � �t�  is time dependent free 

surface displacement, h  is the local still water depth, and � �� �t h� �  is the total water 

depth. 

Equation (3.65) and (3.66) are then applied to the VOF equation (Equation (3.31)) 

and the advection equation (Equation (3.49)) to obtain cell center volume fraction 

1n
mf
� , and momentum advection. The rest of the calculation is the same as that in the 

no-slip boundary condition with boundary face velocities equal to the specified face 

velocities 1n
wall
�u . 
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3.6.5 Advective Open Boundary Condition 
 

As we have discussed in Chapter 2, in order to save the computational time, in some 

cases we have to truncate the computational domain, and let the wave leave the domain 

through the boundary without reflection. This may be done with our knowledge of wave 

group velocity (Equation (2.18)). By defining 	  in Equation (2.20) as volume fraction 

f , the new time step volume fraction can be obtained explicitly at the boundary faces: 

 ,1
, ,

n
m AOBCn n

m AOBC m AOBC g

f
f f C t

x
� 	
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 (3.67) 

Here the subscript ,m AOBC  indicates the boundary faces, and we have assumed that x  is 

the streamwise direction. � �gC g h �� �  is the long wave group velocity, which is 

independent of location on the boundary face. 

Similarly, velocities can be expressed as:  

 ,1
, ,

n
m AOBCn n

m AOBC m AOBC gC t
x

� 	
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u
u u  (3.68) 

Thus, this boundary can be implemented in the same way used in the incident wave 

boundary condition. 

However, we shall point out here that the wave group velocity gC  is determined 

based on the long wave theory, this method is not suitable to deal with short waves. 

For short waves, another type of numerical method called “numerical sponge layer” 

will be presented in Chapter 3.9. 
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3.6.6 Discussion 
 

There are two sets of physical variables in the Navier-Stokes equation: p  and u . Once 

the pressure boundary condition is specified, e.g. Dirichlet pressure boundary condition, 

at a boundary, velocity has to be determined by solving the NS equations. Similarly, 

once the velocity or velocity gradient is pre-described, the pressure has to be solved 

from NS equations. 

An interesting phenomenon can be found at the boundary faces where the velocity 

Dirichlet boundary conditions are specified. If the free-slip or no-slip wall boundary 

conditions are applied, the pressure gradient normal to the boundary faces is Neumann 

pressure boundary condition (Equation (3.59) and (3.64)). However, if the wall 

boundary is lying on the bottom of a water tank, physically the hydrostatics pressure 

gradient normal to the wall is not zero there. Does this mean that those pressure 

Neumann boundary conditions are wrong? 

As we have addressed before, once velocity boundary conditions are 

pre-described, pressure cannot be pre-described, and vice versa. Therefore, those 

pressure gradients on the boundary faces are not real boundary conditions. Actually 

they (Equation (3.59) and (3.64)) are the products of projection method, and have no 

physical meanings.  

Then the next question is “where can we find the pressure gradient effects?”. The 

answer is that they are hiding in � �* t�� �u  (Equation (3.42)). In the predict step, 

without considering the boundary conditions, the predicted velocity *u  contains no 

effect from pressure since pressure gradient term has been neglected at this step. 

However, we apply the boundary conditions, 1n
wall
�u  or 1n

wall
��u , to the boundary faces 

where 1n
wall
�u  and 1n

wall
��u  have already included the pressure gradient effect of the 

1n�  time step. Thus, *u  covers the effect of pressure gradient and the pressure 
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gradient effect will be eliminated in the projection step. 

 

 

3.7 Error Analysis and Numerical Stability 
 

3.7.1 Error Analysis 
 

Numerical solutions to a fluid flow problem are only approximate ones. The errors, 

therefore, can be defined as the difference between the approximated solutions and the 

true physical solutions. Errors always exist. However, our goal is to obtain desired 

accuracy with the least effort, or to obtain maximum accuracy with available resources. 

The errors can be classified as modeling errors, discretization errors, and iteration 

errors. Modeling errors depend on the assumptions made when deriving the governing 

equations. They can be negligible or large. For laminar flows, the Navier-Stokes 

equations are accurate enough and the modeling errors are negligible. However, for 

turbulent flows, the modeling errors may be large. The modeling errors are also 

introduced by assumptions used in the boundary conditions. Modeling errors can only 

be evaluated by comparing the solutions with accurate experimental data or DNS 

results. However, before making the comparison, we have to make sure that the other 

error sources are small and negligible. 

Discretization errors are introduced by the discretization of the fluid domain and 

can usually be reduced when the grid is refined. Grid refinement is the main tool in 

this study for improving the accuracy of a simulation. We usually perform a simulation 

on coarse meshes first to get an impression of the overall features of the solution. Then 

the grid is refined until there is no significant difference in the results between the 

previous and current refinements. These results are called “grid independent”.  
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Discretization errors can also be estimated mathematically. Since forward time 

scheme is adopted, the accuracy is first order in time. The nonlinear advection terms in 

Equation (3.44) are evaluated by using an upwind scheme which is a first-order 

accurate approximation and leaves the error to be second order. As for the momentum 

diffusion, the face velocity gradient is calculated by using LSLR, the accuracy is 

second order. Also, because the divergent theory is used to estimate the momentum 

stress, the accuracy is second order. Therefore, the leading errors will be fourth-order 

in the uniform grid system. Obviously, the discretization errors are dominated by the 

advection errors. Since the advection errors are second order, they have a similar effect 

on the dissipation. As we have discussed in Chapter 1, this study will simulate the 

turbulence effect using the eddy viscosity assumption. It is important to control the 

advection errors so that they will not spoil the turbulence simulations. 

It is difficult to estimate the discretization errors from truncating the advection 

terms, especially on 3-D unstructured meshes and the utilization of finite volume 

discretization with least square scheme. However, it is well-known that finite volume 

methods can be reduced to finite difference methods on structured, orthogonal meshes. 

Therefore, the analysis can be started from error analysis of the finite difference 

method. Because the discretization errors are dominated by the advection terms, we 

shall focus our analysis on them. Considering the momentum advection on a x-y-z 

orthogonal coordinate system, the x-component of the solenoidal advection can be 

expressed as: 

 x

u u u
advection u v w

x y z
	 	 	

� � �
	 	 	

 (3.69) 

The x-component of the truncation errors: 
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The y and z components can be expressed in a similar way. From the above 

expansion, the numerical dissipation can be characterized by the “numerical 

viscosities” defined below: 
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 (3.71) 

The numerical viscosities are determined by the grid size, fluid particle velocity 

and time step. In general, the numerical simulations show that the numerical 

viscosities are at least one order of magnitude smaller than the turbulence eddy 

viscosities. Therefore, the numerical errors will not spoil the simulation results. 

The iteration errors are easy to be controlled. As a rule of thumb, the iteration 

errors should be at least an order of magnitude lower than discretization errors and can 

be defined as the differences between successive iterates: 

 1i i�� �r b b  (3.72) 

where b , a vector defined in Equation (3.15), and the superscription i  indicates the 

thi  interaction. 
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When the successive iterates do not differ more than a certain small number, the 

iterations stop and the solutions are converged. The stopping criterion is defined as: 

 Stopping_Criterion
i
#

r

b
 (3.73) 

In this study, the Stopping_Criterion is equal to or smaller than 1210�  which is 

small enough to neglect the iteration errors. 

 

 

3.7.2 Stability Analysis 
 

Similar to the error analysis introduced in the previous section, the stability analysis is 

derived based on the same way as the one in the finite different scheme. For the linear 

PDE, the most widely used method to analysis the numerical stability is the von 

Neumann stability analysis method (Jaluria and Torrance, 1986). In this method, the 

initial error described by a series of Fourier modes will be substituted into the finite 

difference equation by assuming the initial error will be advected by the numerical 

scheme. For a stable scheme, the amplification factor of each Fourier mode has to be 

smaller than 1.0.  

However, there exist nonlinear advection and diffusion terms in the momentum 

equations, the convectional von Neumann’s method is not applicable directly. To solve 

this problem, a constant maximum velocity � �Max u  will be used in the advection 

term, and a constant maximum effective viscosity � �effMax �  will be used in the 

diffusion term. A standard von Neumann’s analysis is then performed to obtain the 

following stability criteria, 
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where ct
  is the time step restricted by the advection term. rC  is Courant number, 

which is defined as � � /rC Max t d
 �� u , d�  is some measure of the cell size, t�
  is 

the time step restricted by the diffusion term, V�  is the viscous number which is 

defined as  � � � �2/effV Max t d� � 
 �� . 

The stability analysis states that the time integration of advection terms is stable only 

when 1.0rC , . In this study, 0.45rC ,  will be used. The viscous number V�  is 1/ 2 , 

1/ 4 , and 1/ 6  in 1-D, 2-D, and 3-D, respectively, for uniform rectilinear cells. 

 

 

3.8 Model Testing 
 

3.8.1 Solitary Wave Propagation in Constant Water Depth 
 

One of the classical benchmark problems for testing wave simulation model is the 

solitary wave propagation in a constant depth. The solitary wave has a finite amplitude 

and permanent shape. During the propagation, the nonlinearity is balanced with the 

frequency dispersion. Derived from the Boussinesq equations the solitary wave 

solution can be expressed as: 

 � � � �2
3

3
, sech

4
H

x t a x ct
h

�
� �
� �� �� �� �� �

 (3.76) 

where �  is the free surface elevation, h  the still water depth, and � �c g h H� �  is 
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the wave celerity. 

To test the numerical model, we have chosen the wave nonlinearity, defined as 

/H h , to be 0.1. In the numerical simulation, the still water depth 1 mh �  is used. The 

numerical domain is 0 / 120x h, ,  in the streamwise direction, 0 / 1.22z h, ,  in 

vertical direction, and 0 / 0.25y h, ,  in the spanwise direction. In the streamwise 

direction, 480 cells with uniform size of / 0.25x h� � are used. In the vertical direction, 

80 non-uniform cells with smallest cell size / 0.0048z h� �  on the top of the domain. 

In the spanwise direction, we use only 3 cells with uniform size / 0.083y h� � . The 

boundary conditions are incident wave BC at / 0x h �  faces, 0p �  at / 1.22z h �  

and free-slip elsewhere. In this case, the turbulence model is turned off and the 

molecular viscosity is set to zero. Therefore, the model basically is solving the potential 

flow, which is the assumption of solitary wave analytical solution. During the 

simulation, the time step t�  is adjusted automatically constrained by the stability 

criteria (Chapter 3.7.2). Because there is no viscous terms in this case, the t�  is 

constrained by the advection processes only. The velocity vector � �, ,u v w  and free 

surface elevation �  are specified at the left boundary based on the Boussinesq 

solutions derived by Lee et al. (1982). The velocity vector can be expressed as: 
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 (3.77) 

The air density has been set to zero, and thus is excluded from the iterations. 

Figure 3.4 shows the comparisons between the computed and analytical solutions.  
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Figure 3.4: (a) Comparisons of solitary wave propagation in a constant water depth at 

different time � �1/ 2/t g h . Solid lines: analytical solutions; Dot lines: numerical 

solutions. (b) Time histories of normalized mass, total energy, kinetic energy, and 

potential energy. The mass has been normalized by the calculated mass at 

� �1/ 2/t g h =40.0 and the energy has been normalized by the calculated total energy at 

� �1/ 2/t g h =40.0. 
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In Figure 3.4(a), we provide four snapshots of solitary wave profiles at the 

cross-section of / 0.125y h �  and /t g h  = 43.863, 62.727, 84.572, and 103.483. In 

this case, the numerical solutions are uniform in the spanwise direction. From Figure 

3.4(a) we can see that the numerical solutions match the analytical solutions very well in 

terms of the wave profiles and phase.  

Figure 3.4(b) provides the normalized time history of mass and energy. Because 

the turbulence model has been turned off and there is no viscous effect in this case, the 

energy should be conserved. The total mass should also be conserved because the 

solitary wave is in the numerical domain all the time. From Figure 3.4(b), very good 

conservations can be seen. Based on the linear wave theory, the kinetic energy should 

equal to the potential energy exactly. However, due to the nonlinear effect, the 

simulation result shows the kinetic energy is slightly greater than the potential energy.  

 

 

3.8.2 Conservation of Advective Open Boundary Condition 
 

Here, we inspect the conservation of advective open boundary condition (AOBC) based 

on the same solitary wave profile as the one described in the previous section. The 

numerical setup is similar to the previous case except the domain is smaller 

( 0 / 40x h, , ) and the downstream boundary condition is AOBC. The face fluxes on 

the downstream are specified based on equation (2.18) with ( )gC g h �� � , where �  

is the local wave height. The mass and energy conservation comparisons are shown in 

Figure 3.5. In Figure 3.5 we can see that the mass and energy have been smoothly 

transferred out of the computational domain after / 60t g h � . Only less than 3% of 

the kinetic energy discrepancy can be seen after / 60t g h � . This may be caused by 

the overestimation of the phase speed.  
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Figure 3.5: Conservation test of advective open boundary condition. The lines are time 

histories of normalized mass, total energy, kinetic energy, and potential energy. The 

mass has been normalized by the calculated mass at � �1/ 2/ 22.0t g h �  and the energy 

has been normalized by the calculated total energy at � �1/ 2/ 22.0t g h � . 
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Figure 3.6: Model plan and installed depth gauges for a solitary wave overpassing a 

vertical circular cylinder. 

 

The accuracy of advective open boundary condition is strongly dependent on the 

estimation of gC . The over- or under-estimations of gC  might result in unphysical 

waves. From our experiences, the advective open boundary condition is suitable for 

long waves, for instance, solitary waves and cnoidal waves. As for the short waves, we 

need other treatments for the outgoing waves. One of the choices will be the numerical 

sponge layer. We shall discuss it later. 

 

3.8.3 Solitary Wave Interaction with a Circular Cylinder 
 

In the precious two cases, we have demonstrated the performance of our numerical 

model. However, in those cases, the flow conditions are nearly two-dimensional, and 

the meshes are orthogonal grid systems. Those waves are uniform in the spanwise 

direction. In this section, we shall study a three-dimensional case with an unstructured 

mesh. 

 

3.8.3.1 Numerical setup and mesh 

 

In this numerical simulation, the scattering of a solitary wave by a vertical circular 
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cylinder is performed (Figure 3.6). The laboratory experiments performed by Antunes 

do Carmo et al. (1993) will be used to check the accuracy of the numerical solutions. 

The experiment is done in a channel with 0.55 m width. A water surface piercing 

cylinder, with 0.16 m of diameter, is installed in the center of the channel.  

The numerical simulation is conducted in a half flume with a domain of 

0 9 (m)x, , , 0 0.275 (m)y, , , 0 0.25 (m)z, , , where x  is the streamwise 

axis, y  is the spanwise axis, and z  is the vertical axis. The cylinder is located 

vertically at 4.5mx �  and 0my � . An unstructured mesh is generated by Cubit 8.0 

(provided by Sandia National Laboratories) with finer grids around the cylinder edge 

(Figure 3.7). The total cell number is 39800. We have employed six wave gauges at 

the following locations, in terms of (x, y) coordinates (in meters): gauge 1 = (4.220, 

0.275), gauge 2 = (4.320, 0.170), gauge 3 = (4.320, 0.045), gauge 4 = (4.420, 0.275), 

gauge 5 = (4.795, 0.275), and gauge 6 = (5.195, 0.275). Figure 3.6 shows the 

numerical setup and the location of the gauges. 

The undisturbed water depth h  is 0.15 m. A solitary wave with wave height 

0.0375ma �  is sent from left side boundary ( 0mx � ). In order to get rid of any 

possible interference, only no-flux wall boundaries are adopted. The numerical flume 

is long enough so that the reflected wave will not reach the gauges during the 

measurements. In this case, the nonlinearity of the solitary wave is not high 

( / 0.25a h� ) and the wave length 11.24�� m (based on the 95% volume to the total 

wave volume) is much greater than the diameter (0.16 m). The turbulence model and 

the molecular viscous term are also turned off.  
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Figure 3.7: The unstructured mesh used in the simulation of a solitary wave 

overpassing a circular cylinder. (The mesh is generated by CUBIT 8.0).  
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3.8.3.2 Results and discussion 

 

The numerical results show that short scattered waves are generated after the solitary 

wave impinges on the cylinder. These short waves propagate upstream, and the main 

wave recovers to solitary shape after a distance roughly 5 times of the cylinder 

diameter.  

Figure 3.8 shows the time history free-surface elevations measured from the six 

wave gauges. The numerical solutions are compared to the laboratory data. The 

comparison shows the numerical simulation can provide high accuracy results in terms 

of the wave elevation and phase speed. Figure 3.8 also shows that this numerical 

model can capture both long waves and scattered short waves. 

 

 

3.9 Internal Wave Maker and Numerical Sponge 
Layer 

 
In the previous section, we have presented the numerical algorithm of solving the 

Navier-Stokes equations as well as the implementations of several boundary 

conditions. We also provide three cases to demonstrate the accuracy and capability of 

solving wave problems. In this section, the numerical implementations of the internal 

wavemaker and numerical sponge layer will be presented. The combination of these 

two numerical methods is very useful for studying the periodic wave problems. 
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Figure 3.8: Comparison between numerical and experimental results for a solitary 

wave overpassing a vertical circular cylinder. 



 88 

3.9.1 Introduction 
  

It is a challenging task to generate waves through the boundary and at the same time 

absorbing reflected (or scattered) waves. In the laboratory experiment, active absorbing 

wavemaker, based on the linear wave theory, has been developed (Schaffer, 1994). They 

measure the surface elevation in front of the wave maker so that the incident and 

reflected waves can be separated. Based on the linear wave theory, the wavemaker can 

be adjusted to absorb the reflected waves.  

 For numerical simulations, many different methods can be employed to deal with 

the reflected waves. In the depth-averaged equation models, the incident and reflected 

waves can be separated based on the depth-averaged theories. For instance, Kobayashi 

et al., (1987) developed a boundary condition that can absorb the reflected waves and 

send the incident waves at the same time. With a similar approach, Van Dongeren and 

Svendsen (1997) developed a wave absorbing-generating boundary condition for 

two-dimensional shallow water equation model. However, since the boundary 

conditions are developed based on the shallow water assumption, they are not suitable 

to absorb the short waves. Another issue is that since all these absorbing boundary 

conditions assume the linear superposition of reflected and incident waves at the wave 

generating-absorbing boundaries, they can only be applied to small amplitude waves. 

Wei and Kirby (1995) found that this type of boundary conditions can lead to the 

accumulation of errors that may eventually contaminate numerical results in the entire 

domain after a long simulation.  

 For the numerical model based on the Navier-Stokes equations, Petit et al. (1994) 

and Lin and Liu (1998a) adopted the similar superposition concept as the depth- 

integrated equation methods to develop the so-called weakly reflecting boundary 

condition to send the incident waves and absorb the weakly reflected waves in their 
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two-dimensional numerical flumes. However, because the linear wave assumption is 

still involved in the derivation, this approach can only be applied to small amplitude 

waves. Furthermore, Petit et al. (1994) also experienced excessive numerical errors 

when lengthy computations were made. In order to conquer this problem, Lin (1998) 

proposed a method to enforce the mass conservation by controlling the mass flux from 

the boundary based on the incident waves and the estimated reflected waves. This effort 

makes longer computations without introducing numerical instability. However, this 

approach is still only applicable to the weakly reflected waves. All the 

absorbing-generating boundary conditions require accurate estimation of the reflected 

waves. This estimation will be more difficult to make in a three dimensional numerical 

simulation since the waves may scattered in any horizontal direction.  

 Another idea for generating waves numerically is to use the source function inside 

the numerical domain. This idea is to introduce a source function in the mass 

conservation to increase or decrease the mass and so as to generate desired waves. This 

method is called internal wave-maker and was proposed by Larsen and Dancy (1983). 

In their original model, a line source is employed to generate waves based on the 

Boussinesq-type analytical solutions. In order to absorb the outgoing waves, Israeli and 

Orszag (1981) proposed the sponge-layer method. Iwata et al. (1996) and Lin and Liu 

(1999) extended the internal wavemaker and sponge layer method to generate any 

waves in their two dimensional numerical domain.  

 The internal wavemaker plus the sponge layer is more attractive than the wave 

absorbing-generating boundary condition since the source function inside the numerical 

domain will not interact with the reflected waves, and the sponge layer is able to absorb 

both short and long waves if the region of the sponge layer is long enough. In this study, 

the internal wavemaker and sponge layer method will be incorporated into current 

three-dimensional model. An example of Cnoidal waves will be presented. 
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3.9.2 Internal Wavemaker 
 

The flow motion of the incompressible fluid is governed by the Navier-Stokes equation 

described in chapter 2. The numerical implementation with VOF algorithm has been 

presented in chapter 3. In order to generate desired waves numerically from the cells 

inside the numerical domain, a source function is added to the conservation equations. 

The mass source could be a point source, a line source, or a finite volume source. In this 

study, we will present the general finite volume source function in the conservation 

equations. 

 A mass source can be added through a source term in the mass conservation 

equation: 

 � �, , ,
u v w

S x y z t
x y z

	 	 	
�� � � � �

	 	 	
u  in V  (3.78) 

where � �, , ,S x y z t  is the source function inside the finite volume region V . 

Substituting equation (3.78) into equation (2.1) and (2.2), the mass conservation 

equation becomes: 

 S
t

uρ ρ ρ∂ + ⋅∇ = −
∂

 (3.79) 

Momentum equation becomes: 

 � �
� � P S

t

�
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��� ��� ��� � �

	

u
uu g u�  (3.80) 

Therefore, in the projection method, a source function has to be incorporated into the 

predictor step: 
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The Poisson Pressure equation needs to be modified as: 
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 Once the mass is changed due to the source function, the free surface will 

response, and waves will be generated by gravity. This phenomenon is very similar to 

the water wave generated by underwater explosion. The source function in the 

computational domain is within a finite domain. The shape of finite volume source can 

be arbitrary. However, for current simulation purpose, we shall temporary focus on the 

2-D (uniform in the lateral direction) source function. Hopefully we can derive the 

3-D source function in the near future. As for the 2-D source region, the lateral width 

of the source region is equal to the channel width. The finite domain occupies several 

cells and its size can be represented as xl , yl , and zl  where subscript x  indicates 

the streamwise direction, y  the spanwise direction, and z  the vertical direction. As 

addressed before, yl W� , where W  is the channel width. The centroid of the finite 

volume region can be regarded as the location as the internal wavemaker.  

 Lin and Liu (1999) proposed an equation to generate the desired waves. 

 � � � �
0 0

1

, , , 2
nt t

i i
V

i

S x y z t dVdt C t dt�
�

� )$ $ $  (3.83) 

where S  is the internal source function, iC  is the phase speed of the thi  target 

wave, and i�  is the free surface displacement of the thi  target wave. The factor “2” 

accounts for the face that waves are generated on both sides of finite source. 

 In this study, the internal source function is used to generate the cnoidal waves 

and solitary waves. For the cnoidal waves, Wiegel (1960) derived the analytical 



 92 

solution based on the Boussinesq equations. The cnoidal wave free surface elevation 

can be described as: 

 � � � �2 2 ,t s

t
t y Hcn K m t m

T
�

� �� �
�� �� � � � 
� 
�� �� �� �
 (3.84) 

where ty  is the distance between the still water level and wave trough, H  is the 

wave height, st  is the initial time, cn  is the Jacobi elliptic function associated with 

the cosine, and � �K m  is the complete elliptic function of the first kind with modulus 

m . Therefore, the source for generating the cnoidal waves can be described as: 
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 (3.85) 

where C  is the wave celerity and can be evaluated as Wiegel (1960):  
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with wave length: 

 � �
3 216

3
h C

m K m
H gh

�� �  (3.87) 

and wave period: 

 T
C
�

�  (3.88) 

where E  and K  are the complete elliptic integrals of the first and second kind. 

 

 For a solitary wave, the free surface elevation is:  
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Therefore, the internal source to generate a solitary wave is: 

 � � � �� �2
3

2 3
sec h

4 s
x z

C H
S t H C t t

l l h

� �
� �� � �� �� �� �

 (3.90) 

where C  is the solitary wave celerity and can be expressed as: 

 � �C g h H� �  (3.91) 

 

 

3.9.3 Numerical Sponge Layer 
 

The internal wavemaker generates waves in both upstream and downstream directions. 

In most of simulations, only one side of the waves is desired. Therefore, an open 

boundary condition is required to allow the undesired wave leave the computational 

domain without reflection from the boundary. As addressed in section 4.2, many 

researchers have developed wave absorbing-generating boundary condition 

(Kobayashi et al., 1987; Van Dongeren and Svendsen, 1997) or weakly reflected 

boundary condition (Petit et al., 1994; Lin and Liu, 1998a) to absorb the reflected 

waves. These methods are referred to as the active wave absorbing system because the 

system provides an active response to the waves (Troch and De Rouck, 1998). On the 

other hand, a passive system damps the wave motion. Due to the linear assumption, 

the error on predicting the wave height and velocities on the boundary faces will 

accumulate and contaminate the numerical results after a long run (Wei and 

Kirby ,1995). Here, we shall present a passive wave absorbing system that absorbs 
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waves by using an efficient numerical sponge layer technique.  

 The idea of the numerical sponge layer is not new and can be explained as 

follows: when waves propagate into the sponge layer region, their velocities are 

gradually and artificially reduced by multiplying a absorption function � �b x . Larsen 

and Dancy (1983) first presented this method to damp out short waves in their model. 

Troch and De Rouck (1998) adopted this method in their two-dimensional numerical 

simulation model with a VOF algorithm. Troch and De Rouck (1998) compared two 

different types of absorption functions and suggested that an absorption function with 

very small gradient in most of the sponge layer region will produce smallest reflected 

waves. Their absorption function is shown below and will be adopted in our numerical 

model: 

 � �
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1
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x x
b x

x
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 (3.92) 

where sx  is the sponge layer width, and 1x  is the initial point of the sponge layer. 

 The absorption function is applied in the cells of the sponge layer after each time 

step calculation. However, our numerical simulation shows that applying the 

absorption function to the vertical velocity component w  and leave the other two 

components adjusted by the numerical model itself generates least amount of 

reflecting waves. Our numerical experience also shows that the sponge layer width 

should be: 

 1.5sx� �, ,  (3.93) 

where �  is the wave length.  

 From equation (3.93) the width of the sponge layer is propositional to the wave 

length. Thus, longer wave length requires longer sponge layer. Therefore, using 
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sponge layer is computational expensive for dealing long waves, such as solitary 

waves. A combination of the advective open boundary condition and sponge layer can 

handle both short and long waves and thus reduces the computational costs. 

 The sponge layer is attractive in our three dimensional simulations because the 

implementation is simple and independent of the wave propagation direction, which is 

a big challenge when applying the active absorbing boundary condition to a three 

dimensional domain. Furthermore, since the sponge layer method is efficient for a 

very wide range of the wave lengths, only the longest wave length has to be 

considered in designing the sponge layer. The sponge layer acts passively, therefore, it 

always increases the stability of numerical simulation, while the active absorbing 

boundary conditions might cause the instability. However, using a sponge layer will 

increase the numerical domain. On the other hand, only a limited number of grid cells 

are required within the sponge layer. There is no harm to use a coarser grid in the 

sponge layer region because the numerical damping is another kind of absorbing 

function. 

 

 

3.9.4 Numerical Experiments 
 

In order to test the internal wavemaker as well as the sponger layer introduced in the 

previous two sections, a case with cnoidal wave propagation on a constant water depth 

is studied. The model solves the Navier-Stokes equations with the VOF method 

tracking the free surface. In this case, a cnoidal wave train with a wave height 

0.04H � m and wave period 2T � sec is generated on a constant water depth 

0.4h � m by a numerical internal wavemaker which is located at the center of the 

flume. Given wave height H , still water depth h , and wave period T , the modulus 
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m  of the cnoidal wave can be obtained by solving equation (3.86), (3.87), and (3.88) 

iteratively. Thus, the surface elevation and the internal source function can be 

determined. In this simulation, the modulus m  of the cnoidal wave is 0.467, wave 

celerity 1.82C � m/sec, wave length 3.65�� m. The simulation is conducted in a 

numerical domain with 40 m long, 0.44 m high and 0.125 m wide. Free-slip wall 

boundary condition is applied to each boundary wall. Uniform grid is applied in the 

streamwise direction with 0.125mdx � . Non-uniform grid is applied in the vertical 

direction with finest grid located at the top of the domain and � � finestdz � 0.0064 m. 

The internal wavemaker region is 12.3 12.7 (m)x, , , 0 0.125 (m)y, , , and 

0.27 0.35 (m)z, ,  (Figure 3.9). Because the internal wavemaker is uniform in the 

spanwise direction and symmetric boundary conditions are used on the lateral 

sidewalls, no lateral movement is going to be generated. In order to save the 

computational time, we choose to put only one cell in the lateral discretization. The 

sponge layers are applied to the upstream and downstream of the channel. The left side 

sponge layer region is 0 7.5 (m)x, , , and the right side sponge layer region is 

32.5 40.0 (m)x, ,  (Figure 3.9). In this case, three gauges are installed at the 

location of 20mx � , 25mx � , and 30mx � . Figure 3.10 shows the snapshots of 

the free surface elevations. The cnoidal waves are generated by the internal 

wavemaker and will be absorbed by the numerical sponge layers. Figure 3.11 shows 

the time history free surface elevation obtained from thee wave gauges. The time 

histories of free surface elevation are compared to the analytical solutions. The 

analytical solutions are the Boussinesq solution derived by Wiegel (1960). Figure 3.11 

shows that the numerical results agree with the analytical solutions very well. 
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Figure 3.9: The numerical setup of cnoidal waves generated by using internal 

wavemaker. The cnoidal waves will be absorbed in the sponge layer region. 

 

 

3.9.5 Summary 
 

In section 3.9, we have introduced the internal wavemaker method to generate waves 

inside the fluid domain. By adding a mass source function to the mass and momentum 

equations, we are able to generate desired waves. The source functions for generating 

a solitary wave and cnoidal waves are presented. We also introduced the sponge layer 

to absorb the outgoing waves. The waves inside the sponge layer will be damped out 

by multiplying an absorbing function to the velocity field. An example of generating 

cnoidal wave inside a finite domain is demonstrated. The accuracy is discussed. 

 The combination of internal wavemaker and numerical sponge layer is very 

useful for studying many practical problems, such as the wave-structure interaction 

and periodic wave runup and rundown on an incline beach. These cases usually 

generate waves with a wide range of wave lengths which is difficult to handle by using 

the convectional wave generating-absorbing boundaries. 
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Figure 3.10: The snapshots of free surface elevations. The cnoidal waves are generated 

by the internal wavemaker and absorbed by the numerical sponge layers. The time 

sequence of snapshots cover one wave period ( 2.0secT � ). 
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Figure 3.11: The time history free surface elevations obtain from three wave gauges. 

The solid lines are the numerical solutions. The dot lines are cnoidal wave analytical 

solution derived by Wiegel (1960). 
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Chapter 4 
 
 
 

Numerical Implementation for k ��  
Turbulence Model 
 

 

 

In this chapter, numerical implementations of k ��  turbulence model, LES 

turbulence model, partial cell treatment, and moving solid algorithm will be presented. 

At the end of each section, a test case will be shown and discussed.  

 

 

4.1  Discretizations for k ��  Equations 
 

In chapter 2, we have introduced the Reynolds-Averaged Navier-Stokes (RANS) 

equations (Equation 2.25). If the linear eddy viscosity assumption is applied, the 

normal stress of the turbulence can be converted into pressure, Equation (2.25) then can 

be expressed as: 

100 
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where 2
3P p k�� � , eff t� � �� � .  

Comparing RANS equations (Equation (4.1)) to NS equations (Equation (2.8)), we 

observe that the structure of both sets of equations is the same except that the velocity in 

NS becomes mean velocity, pressure becomes effective pressure, and viscosity become 

effective viscosity in RANS. As for numerical implementations, the projection method 

(Chapter 3.4) can be directly used to solve RANS equations. 

As for the nonlinear (quadratic) eddy viscosity model, the turbulence Reynolds 

stress tensor ' '
i ju u�  will be calculated directly from the mean flow field based on 

Equation 2.43 and added to the original RANS equations (Equation 2.23). 

In order to solve the turbulence viscosity, two additional equations of turbulence 

kinetic energy k  and turbulence dissipation �  have to be solved. In the present 

solution algorithm, the time-advanced velocity field 1n�u  is already available when 

the k ��  equations are updated. Therefore, the production term kP  can be 

computed on the 1n�  time level. 

Based on the Gauss divergence theorem introduced in Chapter 3.1, the 

finite-volume discretized �  equation can be written as: 
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Similarly, we can apply the Gauss divergence theorem to the k  equation: 
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 (4.3) 

For advection terms, the face fluxes of k�u  and ��u  are evaluated based on 

the upwind scheme where the mass flux, n

f
�u , on each face is obtained directly from 

the VOF calculations. As for the diffusion terms, the cell face viscosities are 

interpolated from the ambient cell-centered viscosities. Therefore, a scheme similar to 
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the central-difference scheme is applied to the viscosity calculations. 

Equations (4.2) and (4.3) show that the cell centered advection and diffusion are 

evaluated by summing all fluxes through each face. The new time step 1n� �  is updated 

first, and � �1 2kC P C� �� ���  is treated in a semi-implicit way. In the k  equation, the 

production and dissipation terms use the 1n�  level information. Lemos (1992) found 

that when the values of kP  and �  at the advanced time level are used the performance 

of the model is improved in situation where the kP - �  term dominates. Therefore, this 

semi-implicit scheme is suitable for current study. 

No-flux boundary conditions ( / 0k n	 	 �  and / 0n�	 	 � ) will be applied to the 

air-water interface cells when summing the face fluxes for the diffusion terms. The 

Law-of-the-Wall boundary condition will be applied to those cells adjacent to the 

impermeable walls, and will be used to update the cell-centered values of 1nk �  and 

1n� � . We shall discuss the detail implementations of Law-of-the-Wall boundary 

condition in the next section. The cell face gradients, such as 
f

k�  and 
f
�� , are 

evaluated by the Least square linear reconstruction (LSLR) introduced in Chapter 3.2. 

We remark that if the air density is set to zero, the air part data-dependent weight d
kw  is 

also zero to avoid using any information from air.  

 

 

4.2 Implementation of Law-of-the-Wall Boundary 
Condition 

 

The price of resolving the turbulent boundary layer is too high. One alternative way is to 

apply the law-of-the-wall boundary condition to the cells adjacent to a solid wall. The 

k  and �  values are utilized at the location within the log-law region of the turbulent 

boundary layer, rather than on boundary faces. Equation (2.44) is used to calculate the 
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friction velocity u�  based on the known cell-centered mean tangential velocity Tu  

and the distance y  between cell centroid and solid wall. The friction velocity u�  can 

be solved iteratively by using the Newton-Raphson method: 
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n n
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 (4.4) 

where the superscript n  is the iteration number, 
  is the von Karman constant 

( 0.41
� ), / TX u u�� , and � �ln /A E u y�� �� , where y  is the distance between 

cell centroid and solid wall and E  is an empirical constant ( 9.0E � ). 

After solving the friction velocity u� , the values of k , � , and t�  can be obtained 

by equation (2.51), (2.49), and (2.50), respectively.  

 

 

4.3 Example 1: 2D Spilling Breakers 
 

4.3.1 Introduction 
 

Due to the mixing mechanism, breaking waves may cause many problems in the 

coastal region, such as beach erosion, sand drift, and damage to coastal structures. 

Breaking waves are generally classified as spilling, plunging, surging, and collapsing 

breakers. For regular incident waves on a plane beach, the breaker types depend 

primarily on the incident wave height, wave period and beach slope (Galvin, 1968; 

Goda, 1970). These breaker types can be characterized by the surf zone similarity 

parameter 0�  (Battjes, 1974), defined as below: 

 0

tan
/H
�

�
�

�  (4.5) 
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where tan�  is the beach slope. Based on Galvin’s experimental analysis, the break 

types can be classified as follow: 

 
0

0

0

0.5 : spilling breakers

0.5 3.3 : plunging breakers

3.3 : surging breakers

�

�

�

#

# #

-

 (4.6) 

 This study focuses on the spilling breakers which can be seen in most surf zones. 

In the early studies, many researchers have carefully described the generation 

processes of the spilling breaker. Battjes (1988) found that a spilling breaker 

experiences a gradual change in shape and remains highly symmetric about its crest 

until breaking. Sorensen (1993) further described that spilling breakers typically occur 

on mildly sloping beaches and are characterized by turbulence and foaming at the crest 

and spilling down the front face of the wave and forming a whitecap. Basco (1985) 

had a detailed description for the flow at the wave crest. He found that the fluid 

particles at the crest of the wave accelerate to a speed greater than the wave celerity 

and then falls forward in the front of a small jet which is often obscured by foam and 

often not visible. Due to the limitation of the facilities, the early studies are mainly 

focused on the quantitative description of the breaking waves.   

 In the last few decades several experimental methods have been developed to 

measure the velocities accurately within a wave. Nadaoka et al. (1989) used a 

fiber-optic laser Doppler velocimeter (LDV) to study the turbulent flow field under a 

breaking wave on a 1:20 slope. Ting and Kirby (1995, 1996) employed LDV and wave 

gauges for plunging and spilling breaker on a 1:35 slope. They obtained high quality 

velocity and turbulence structure data in both type of breakers. In fact, Ting and 

Kirby’s spilling breaker data will be used as the reference data in this study. Newer 

technology, like particle image velocimetry (PIV) can provide full velocity field. 

Chang and Liu (1999) used PIV to investigate turbulence in a spilling breaker, and 
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characterized the importance of each term in the turbulence kinetic equation during the 

breaking process.  

 However, PIV as well as LDV measurements have the difficulty to measure the 

flow properties in the aerated crest region since the presence of foam and bubbles. 

Information in the crest region is important for estimating the radiation stresses and 

energy dissipation parameters used in the depth-integrated wave models. For these 

reasons, numerical studies have become popular because numerical solutions can 

provide details of the flows. Before wave breaking, the flow field is irrotational. 

Therefore the potential theory can apply (Peregrine, 1983; Battjes, 1988). Many 

numerical models have successfully modeled the shape of a wave crest in a plunging 

breaker, prior to its impingement on the free surface. However, during and after wave 

breaking, the flow field becomes highly rotational. Therefore, numerical models 

solving the Navier-Stokes equations have been developed. Lemos (1992) simulated 

periodic breaking waves on a sloping beach but he didn’t present quantitative 

information on the accuracy of the predicted breaking wave characteristics. Lin and 

Liu (1998a,b) gave a profound quantitative evaluation of their numerical model in the 

surf zone. Their solutions have been carefully validated with the data measured by 

Ting and Kirby (1995, 1996) by using laser-Doppler velocimeter. In Lin and Liu’s 

studies, a first order accurate (in time and space) finite difference numerical method 

was utilized to solve the Reynolds averaged Navier-Stokes equations in conjunction 

with a Reynolds stress model. Bradford (2000) studied the same spilling breaking case 

to evaluate the one and two equation turbulence models. In Bradford’s study, the 

breaker height, location and undertow were examined. 
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Figure 4.1: Sketch of experimental setup and computational domain. The still water 

depth is represented by h  and the time-averaged water depth is represented by 

h d �� � , where d  is local still water depth, �  is the time-averaged water surface 

elevation. The beach slope is 1/35 and is connected to a constant water depth h �0.4 

m. The breaking location is at /bx h � 16.0 and four measurement cross-sections are 

located at � � /b bx x h� � 4.397, 7.462, 10.528, and 13.618, where 0.498bh h�  is the 

time-averaged water depth at the breaking location. 

 

In this chapter, an approach similar to Lin and Liu (1998a,b) is used to model the 

surf zone dynamics. The k ��  turbulence model is validated for spilling breakers over 

a sloping bed. The volume of fluid method is used to track the highly complex, 

discontinuous free surface. The solutions will be compared with the same laboratory 

data (Ting and Kirby, 1995; 1996) to examine the performance of the turbulence model. 

The simulation results are compared with laboratory measurements of the mean water 

level, trough and crest heights, and time-history turbulence kinetic energy in order to 

evaluate the capability of each approach in computing surf zone dynamics. Details of 

the breaking wave properties are presented and discussed. 
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4.3.2 Governing Equations 
 

The governing equations used in this study are the Reynolds averaged Navier-Stokes 

equations (Equation 2.22 and 2.23) because RANS equations allow us to solve the 

breaking waves on a relative coarse grid (compared to DNS) and still consider the 

effects from turbulence. The nonlinear k ��  turbulence model (Equation (2.37), 

(2.38), (2.39), and (2.44)) is used to simulate the complex turbulent flow. The 

movement of the free surface is tracked by using the volume of fluid (VOF) method 

(Equation (3.24)).  

 

 

4.3.3 The Experimental and Numerical Setups 
 

Experiments of spilling wave train on a slope were performed by Ting and Kirby in 

1994 (Ting and Kirby, 1994; 1996). In their wave tank, a beach with a slope of 1/35 is 

connected to a region with a constant water depth 0.4h � m. The coordinate system is 

chosen so that 0x �  is located at the position where the still water depth is 

0 0.38d � m (see Figure 4.1). The incident waves are cnoidal waves with wave height 

0.125H � m in the constant water depth region and wave period 2.0T � sec. The 

velocities and free surface displacement are measured at four vertical cross sections 

shoreward of the breaking point, which is located at 6.4mbx �  with time-averaged 

water depth 0.199bh � m. The data measured at � � /b bx x h� =4.397, 7.462, 10.528, 

and 13.618 (see Figure 4.1) are used for comparisons with the numerical results. 

In the numerical simulations, the computational domain starts at 4.3x �� m and 

ends at 16.2x � m. The numerical domain is 20.5 m long, 0.56 m high, 0.01 m wide, 

and is discretized by 800 x 1 x 70 cells with uniform grid in the streamwise direction 
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(x-direction), 0.0256x� � m, and non-uniform grid in the vertical direction 

(z-direction). The fine grids with the minimum min 0.0055mz� � are placed near the 

top of the domain. The waves are assumed to approach perpendicularly to the beach. 

Therefore, the problem may be treated as 2D. In this simulation, the spanwise 

direction ( y  direction) is discretized into one cell, and free-slip wall boundary 

condition is applied. The time step is automatically adjusted during the computation to 

satisfy the stability constraints.  

Cnoidal waves are input into the numerical domain by specifying the free surface 

elevation, � , and the cell-face velocities at the left boundary. The expressions of 

cnoidal waves derived by Wiegel (1960) are used to determine time dependent 

velocities and free surface elevation by specifying the wave period, T , wave height, 

H , and still water depth h . In addition, k  and �  also specified at the boundary 

(see Chapter 2.2.3). 

At the flat bottom, free-slip boundary condition is used. On the slope, the partial 

cell treatment and law-of-the-wall turbulence boundary conditions are implemented. 

On top of the numerical domain, 0p �  type open boundary condition (Chapter 3.6.3) 

is adopted. At the free surface, the pressure on the cell faces adjacent to air is set to 

zero (Chapter 3.3.3). Velocities on the free surface cells are extrapolated from the 

interior so the resulting tangential shear stress is zero. Advective and diffusive fluxes 

of k  and �  are set to zero.  

The initial condition for velocity field is zero everywhere. The initial values for 

k  and �  are determined by the empirical procedures introduced in Chapter 2.2.2. In 

this study, the initial value of k  is -7 2 27.8 10 m /inik s� & , and the initial value of �  

is 84.39 10ini�
�� & 2 3m /s . The turbulence quantities are very low and 

6 21.25 10 m / st� ��� & � . The simulations were found to be insensitive to the initial 

values of k  and �  if k �" . Same values of k , � , and t�  are used as the 
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boundary conditions at the left boundary.  

In the experiments, the measurements are taken 20 minutes after the first wave is 

generated, at that moment the waves have reached the quasi-steady state. The mean 

velocities and free surface displacement were computed by performing the phase 

average of the measured data. The phase-averaged quantities can be treated as the 

ensemble-averaged quantities and used to examine the numerical solutions. However, 

the turbulence field calculated by using phase-averaged method may be affected by 

random waves during the breaking process. Also, in the experiments, only two 

components of turbulence velocities are measured. Therefore, the turbulence kinetic 

energy has to be estimated by the empirical formula provided by Svendsen (1987), i.e., 

� �'2 '22
3k u w� �  where 

1/ 2'2u  and 
1/ 2'2w  are turbulence velocities in the 

horizontal and vertical direction, respectively. This approximation may introduce some 

uncertainties in the following comparisons. 

The numerical simulation is run for 20 s, which allows 10 complete waves into 

the domain. The simulation time is chosen long enough to allow the waves to reflect 

off the beach and establish a return flow. However, the simulation can not be run for 

an arbitrarily long time since the specified cnoidal waves transports fluid into the 

domain, which eventually cause the mean water level to rise. The numerical solutions 

used in the following comparisons are from ' 18.2st �  to ' 20.2st �  with ' 0.0st �  

representing the beginning of the numerical solution. This particular time ' 18.2st �  

matches the time / 0t T �  in the phase-averaged experimental results.  

 

4.3.4 Comparison of Experimental Data and Numerical 
Results 

 

Numerical results were compared with laboratory data measured by Ting and Kirby 
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(1994). Some notations adopted in this thesis are presented as follow: The definition of 

mean (time-averaged) free surface elevation is: 

 
0

1 T
dt

T
� �� $  (4.7) 

where �  is the time-averaged free surface elevation over one wave period T . �  is 

the instantaneous water surface elevation. The local still water depth is represented by 

d , and the local time-averaged water depth is represented by h d �� � . 

The simulation results of the mean velocities and free surface profiles indicate that 

the waves in the surf zone nearly, but not completely, reach the quasi-steady state. This 

situation suggests that the setup and setdown has not fully developed and the 

calculated mean water depth can be inaccurate. However, the major wave and 

turbulent characteristics under the breaking waves are captured by the numerical 

simulations. 

Figure 4.2 to 4.5 show the comparisons of the mean free surface displacement, 

mean velocity, and turbulence intensity at four vertical cross sections in the surf zone. 

At each location, comparisons are made at four different elevations below the trough 

level for the mean velocities and turbulence intensity. In these figures, the left columns 

are laboratory measurements and the right columns are numerical results. Free surface 

displacements are normalized by the local time-averaged water depth h . The mean 

velocities and turbulence intensities are normalized by the local phase velocity 

C gh� . The measured h  is used in the normalization for both laboratory data and 

numerical results. 

 Figure 4.2 shows the comparison at � � / 4.397b bx x h� � , which is the 

measurement section closest to the breaking point. The comparisons of mean free 

surface and velocities are reasonably good (Figure 4.2 (a), (b), (c)). However, the 

numerical solution significantly overestimate the turbulence intensity. The pattern of the 
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turbulence intensity in the simulation results (Figure 4.2(d)) is also different from that in 

the measurements (Figure 4.2(D)). This situation was also reported by Lin and Liu 

(1998a,b). The experimental data show no obvious correlation between the passage of 

the broken waves and the turbulence intensity. This observation is very different from 

the turbulence characteristics at other measurement sections in the surf zone (Figure 

4.3(D), 4.4(D), and 4.5(D)). 

 Other researchers have found that the k ��  model tends to overestimate the 

turbulence level near the breaking point (Lin and Liu, 1998a,b). The primary reason is 

that the turbulent closure model with the coefficients derived from quasi-steady 

turbulent flows cannot accurately predict the initiation of turbulence in a strong 

transient flow such as the initial phase of the breaking wave (Lin and Liu, 1998a,b). 

Fortunately, due to the turbulence dissipation mechanisms and the oscillatory nature of 

the mean flow under the breaking wave, the inaccuracy in the early stage of the 

simulation has little effect on the downstream locations. 

 Figure 4.3 shows the comparisons at � � / 7.462b bx x h� � . The agreement 

between the numerical simulations and the laboratory measurements is better than those 

shown in Figure 4.2. Very good agreement can be seen in terms of the mean free surface 

elevation. In terms of the turbulence field, not only the turbulence pattern but also the 

turbulence intensity are accurately predicted by the numerical model. Both numerical 

and experimental results show that the turbulence intensity in the upper level is highly 

correlated to the surface profile.  

 Figure 4.4 and 4.5 show the comparisons at the cross sections � � /b bx x h� �  

10.528 and � � / 13.618b bx x h� � , respectively. Again, the numerical simulations 

compare well with the laboratory measurements in terms of the mean free surface 

elevations, velocities and the pattern of the turbulence intensities. 
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Figure 4.2: Comparisons of experimental data (A-D) and numerical results (a-d) at 

� � /b bx x h� =4.397; � � /y h�� � -0.2623 ( ), -0.4909 ( ), -0.7194 ( ), 

-0.9080 ( ). 
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Figure 4.3: Comparisons of experimental data (A-D) and numerical results (a-d) at 

� � /b bx x h� =7.462; � � /y h�� � -0.2957 ( ), -0.4820 ( ), -0.6683 ( ), 

-0.8857 ( ). 
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Figure 4.4: Comparisons of experimental data (A-D) and numerical results (a-d) at 

� � /b bx x h� =10.528; � � /y h�� � -0.2736 ( ), -0.4764 ( ), -0.6791 ( ), 

-0.8142 ( ). 
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Figure 4.5: Comparisons of experimental data (A-D) and numerical results (a-d) at 

� � /b bx x h� =13.618; � � /y h�� � -0.3226 ( ), -0.4729 ( ), -0.6233 ( ), 

-0.8489 ( ). 
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Table 4.1: The comparisons of breaking wave heights and breaking locations.  
 Laboratory Measurement 

(Ting and Kirby, 1994) 
RNG model 

(Bradford, 2000) 
Linear k ��  model 

(Bradford,  2000) 
Present nonlinear 

k ��  model 

/bx h  16.0 11.83 12.78 16.0 

/bA h  0.41 0.36 0.35 0.33 

 
 

4.3.5 Spatial Distribution of Turbulent Characteristics 
 

One interesting topic is the determination of the breaking location and the breaking 

wave height. The breaking location is defined as the point at which the wave breaks. 

Ting and Kirby (1994) reported the breaking wave height ( bA ) in the experiment is 

/bA h�0.41, at the location /bx h � 16.0. Bradford (2000), who carried out numerical 

simulations with different turbulent closure models, reported that the breaking 

locations estimated by the linear Renormalized Group (RNG) k ��  model and 

standard linear k ��  model occurred much earlier than the laboratory measurements. 

However, the current nonlinear k ��  turbulence model accurately predicts the 

breaking location (see Table 4.1). However, all the numerical models under-estimate 

the breaking wave height. This is because the turbulence levels near the breaking point 

are overestimated (see Figure 4.2(d)). These overestimations lead to exaggerated 

values of eddy viscosity t�  and hence reduce the wave crest.  

One advantage of the numerical simulation is its ability to display the mean 

velocity field and the turbulence field in the spatial domain. In this section, we shall 

present the spatial distributions of turbulent characteristics. In Figure 4.6, the spatial 

distributions at /t T �0.0, 0.3, 0.6, and 0.9 of the normalized turbulent kinetic energy 

� �/k g h a� , turbulence dissipation rate / ( )g g h a� � , mean vortices 

� �/ /g h a� � , turbulence production � �/kP g g h a� , and eddy viscosity /t� �  
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are presented. In this case, a = 0.078 m and is the incident wave height evaluated from 

the still water. From Figure 4.6, the highest turbulence kinetic energy appears in the 

so-called “roller” region for the entire wave period. The “roller” has been defined as 

the aerated area of recirculating flow in the front of the turbulent bore (Battjes, 1988). 

In the “roller” region, the horizontal fluid particle velocity is roughly equal to the local 

phase velocity C . This “roller” concept has been adopted by Schaffer et al. (1993) in 

their depth-integrated numerical model to represent the wave breaking effects. Lin and 

Liu (1998a,b) further described the details of velocity profile in the “roller” region by 

solving RANS equations. Figure 4.6 shows that the pattern of turbulence dissipation 

rate (� ) is very similar to the pattern of turbulent kinetic energy ( k ). The highest 

turbulence dissipation also happens in the roller region. It indicates that the energy is 

mainly dissipated in the roller region. The vorticity (� ) is generated at the region 

lower than the roller region. Compared to the pattern of k  and � , the pattern of �  

shows that �  is highly concentrated in the region very close to breaking wave fronts. 

The vortices mainly concentrate in the breaking wave fronts and move with the 

breaking wave regions, while the turbulences are left on the lee side of the waves. The 

fourth plot in Figure 4.6 is the normalized turbulence production ( kP ). The plot reveals 

the sources of the turbulence kinetic energy. Similar to � , kP  is highly concentrated 

in the region close to the breaking wave fronts. Turbulence production indicates the 

location of the turbulence source, and due to the transport and dissipation, the 

turbulence kinetic energy is no longer concentrated in the same region as the 

maximum turbulence production region and is left behind the wave crests. The fifth 

plot is the normalized eddy viscosity. The eddy viscosity t�  is calculated based on 

the conventional eddy viscosity definition � �2 /t dC k� �� . Similar to the turbulence 

kinetic energy, the largest eddy viscosity is in the roller region. After the passage of the 

wave crest, the eddy viscosity will be left behind the wave and gradually decayed by 
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the turbulence dissipation mechanism. One obvious phenomenon is that the eddy 

viscosity decreases faster in the onshore region than the turbulence kinetic energy. 

This is because eddy viscosity is a function of turbulence length scale l  and 

turbulence intensity 2k , i.e., 1/ 2
t lk� 	 , not only k  but also l  decrease as the 

water depth decreases. 

Figure 4.6 also shows that the spilling breaking process is a local phenomenon. 

The effects introduced by the breaking waves decay significantly to the bottom. From 

Figure 4.2 (Dandd) ~ 4.5 (Dandd) we can see that the turbulence intensities change 

rapidly in the upper regions and become smooth or nearly constant curves in the lower 

regions. This indicates that the transport mechanisms are very strong in the upper 

region and very weak in the lower region.  

Figure 4.7 illustrates the generation of turbulence intensity. /t T �0.0 shows a 

wave is just passing the breaking location ( / 16x h � ) where low levels of turbulence 

are generated in the crest and front side of the wave. /t T �0.1 shows that the 

turbulence has spread over the top of the crest and down the front face of the wave as 

it continued to break. Strong turbulence intensity can be seen at /t T �0.2 and 0.3. 

This is due to the high shear rates at the wave front which generates significant levels 

of k  at the lower front face of the wave. After that, the production of k  continues 

as the wave transforms into a bore and overtakes the decaying turbulence from the 

previous breaking wave. This phenomenon of spilling waves has been observed by 

many researchers (Svendsen, 1984; Ting and Kirby, 1996; Bradford, 2000).  
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Figure 4.6: Computed normalized (a) turbulence kinetic energy � �/k g h a�  (with the 

interval of 0.05), (b) turbulence dissipation rate / ( )g g h a� �  (with the interval of 

0.005), (c) mean vortices � �/ /g h a� �  (with the interval of 1.0), (d) turbulence 

production � �/kP g g h a�  (with the interval of 0.02), and (e) eddy viscosity /t� �  

(with the interval of 500) at /t T =0.0, 0.3, 0.6, and 0.9. 
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Figure 4.6 (continued) 
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Figure 4.6 (continued) 
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Figure 4.6 (continued) 
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Figure 4.7: The snapshots of computed normalized turbulence intensities 

� �2 /k g h a�  (with interval of 0.025) at /t T �0.0 to 0.9. 
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4.3.6 Concluding Remarks 
 

In this study, we have validated the k ��  turbulence numerical model which can be 

used to simulate the breaking waves in the surf zone. By comparing the numerical 

solutions to the laboratory measurements, we found that the model results compare 

very well with the experimental data, especially in the inner surf zone.  

 We also provide the detail spatial distributions of turbulence characteristics which 

are not easy to measure in the laboratory experiments. From a series of snapshots, the 

generation, transport, and dissipation of turbulence intensity can be seen. Our study 

shows that the turbulence is mainly generated in the “roller” region. This is especially 

observed in the plots of turbulence production (Figure 4.6). The breaking process of 

the spilling breaker is a local phenomenon. In the bottom region, the turbulence levels 

are low and nearly constant. The turbulence production and mean vorticity are highly 

concentrated in the front face of the wave. However, the turbulence kinetic energy, 

turbulence dissipation rate and eddy viscosity are first transported from the breaking 

wave fronts into the wave crests and part of them will be left on the lee side of the 

waves. 
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4.4 Example 2: 3D Dam-Break Waves interacting 
with a Square Cylinder 

 
In the previous section, we have already validated the accuracy of our numerical 

model for studying wave breaking. In this section, we shall apply our numerical model 

to study three-dimensional dam-break wave interacting with a square cylinder. The 

solution, using the nonlinear k ��  turbulence model, will be compared in terms of 

the forces acting on the cylinder. Detailed turbulence transport will also be discussed. 

 

 

4.4.1 Introduction 
 

In designing a coastal structure in the nearshore region, such as the piles for a pier, a 

water intake structure or a submerged discharge pipeline, wave forces must be 

considered. In many situations, waves may break and interactions between waves and 

structure may also generate complex three-dimensional flow fields. In the past, our 

knowledge of wave-structure interaction has relied heavily on laboratory experiments 

and empirical or semi-empirical correlations. Based on the potential flow assumption 

some studies have been able to estimate the transmission and reflection coefficients 

(Mei and Black, 1969; Massel, 1983; Seabra-Santos et al., 1987; Ting and Kim, 1994; 

Zhuang and Lee, 1996; Tang and Chang, 1998; Huang and Dong, 1999), or the wave 

forces on a submerged rectangular box (Abul-Azm, 1994; Ertekin and Becker, 1996; 

Losada et al., 1996). Experimental measurements of free surface elevation for 

wave-structure interactions have also been reported (Grue, 1992; Rey et al., 1992; Beji 

and Battjes, 1993). Chyu and Rockwell (1996); Lin and Rockwell (1996); Sheridan et 

al. (1997); Chang et al. (2001) used more advanced Particle Image Velocimetry (PIV) 
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technique and were also able to measure the velocities.  

 However, it is well known that the potential flow assumption may not be able to 

accurately estimate a complex flow field under a complex flow pattern, such as wave 

breaking. On the other hand, laboratory experiments also suffer from constraints on 

the range of testing physical parameters and scaling effects, not to mention the cost of 

performing careful experiments. 

 In this study, the force acting on the cylinder will be validated and compared with 

the laboratory experiments conducted at University of Washington. The turbulence 

models with the linear and nonlinear k ��  models will be validated by comparing 

the predicted forces to the laboratory measurements. The detail transport of turbulence 

will be presented and discussed.  

   

 

4.4.2 Governing Equations 
 

In this case, since strong turbulence generated by the dam break bore interacting with 

the structure, the Reynolds averaged Navier-Stokes equations will be adopted as the 

governing equations (Equation 2.22 and 2.23). The nonlinear k ��  model (Equation 

(2.37) ~ (2.44)) is used. The movement of the free surface is tracked by using the 

volume of fluid (VOF) method (Equation (3.24)). 
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Figure 4.8: The numerical setup for dam-break wave interacting with a square 

cylinder. 
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4.4.3 The Experimental and Numerical Setups 
 

In this section, the interaction of the dam-break wave with a square cylinder is 

simulated. The tank is 1.6 m long, 0.61 m wide, and 0.75 m tall. The volume of water 

initially contained behind a thin gate is 0.4 m x 0.61 m x 0.3 m. The structure, which is 

0.12 m x 0.12 m x 0.75 m, is placed 0.5 m downstream of the gate and 0.24 m from 

the near sidewall of the tank. In the physical experiment, because it is impossible to 

completely drain the tank downstream of the gate, a layer of water (approximately 1 

cm deep) always remains on the bottom of the tank and water also leaks through the 

gate before it is opened. Collected measurements included the time history of the net 

force on the cylinder and the time history of the fluid velocity at a fixed location. 

Forces were measured with a load cell and velocities were measured with a 

Laser-Doppler Velocimetery (LDV) system. The velocity measurement location is 

0.146 m upstream of the center of the structure and 0.026 m off the floor of the tank. 

Because the width of the square cylinder is within the same order of magnitude as 

those of the channel width and the initial bore height, the vortices are mainly 

generated at the corner around the square cylinder. This allows us to conduct the 

numerical simulation in a tank with half width to save the computational time. The 

numerical tank is 1.6 m long, 0.3 m wide, and 0.6 m tall with uniform grid 

0.01dx dy dz� � � m in all directions. See Figure 4.8 for details. Appropriate 

boundary conditions need to be specified. For the mean flow field, the free-slip 

boundary condition is imposed on the solid boundary. For the turbulence field, near 

the solid boundary, the log-law turbulent boundary condition is applied so that the 

values of k  and ε  can be expressed as functions of distance from the boundary and 

the mean tangential velocity outside the viscous sub-layer. On the free surface, the 

zero-gradient boundary conditions are imposed for both k  and ε , i.e., 
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0k n nε∂ ∂ = ∂ ∂ = . A low level of k and �  for the initial condition is applied based 

on Equation (2.48) and (2.49).  

 

 

4.4.4 Comparison of Experimental Data and Numerical 
Results 

 

In order to examine the performance of the turbulence models, the numerical 

simulations with nonlinear k ��  turbulence models are conducted. The force 

comparisons are shown in Figure 4.9. The numerical force is calculated by integrating 

the pressure on the structure and neglecting the shear force, which is normally an order 

of magnitude smaller than pressure force (Lin and Li 2003). Figure 4.10 is the 

time-history shear stress acting on the cylinder faces. This figure shows that the shear 

stress is about 1% of the normal stress and can be neglected when calculating the total 

force. 

 In order to evaluate the importance of turbulence effects on the net force on a 

square cylinder, we also show another two solutions in Figure 4.9. One solution is 

obtained by solving pure NS equations, and the other by solving filtered NS equations 

with LES turbulence model. The numerical implementation of LES model will be 

introduced in Chapter 5. In Figure 4.9, some features can be seen and will be 

addressed below. 

 Before the dam-break bore hits the square cylinder ( time  < 0.31 sec), the 

differences between three numerical solutions (nonlinear k �� , LES, and NS) are 

barely visible. That is because only a small amount of turbulence has been generated 

by then. However, after the bore hits the square cylinder, the flow condition is 

turbulent and three dimensional. Once the flow condition is turbulent, the turbulence 
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dissipation will be under-estimated by solving pure NS equations. The difference, in 

terms of the bore phase, between these three numerical models is significant at 

1.25time � sec. Because of the under-estimation of the turbulence stress, the bore 

speed is over-estimated by solving the pure NS equations. As a result, the reflected 

bore from the end wall reaches the cylinder earlier than those in the other two 

solutions with turbulence models. With the same reason of under-predicting the 

turbulence stress, the net force predicted by solving pure NS equations contains 

stronger oscillation than those in the other two solutions with turbulence models at 

time � 1.8 sec. 

 An interesting phenomenon is that the solutions predicted by the nonlinear k ��  

and LES turbulence models are close to each other, especially the speed of the bore 

front movement. These two turbulence models have very different assumptions. The 

nonlinear k ��  model is under the assumption of assemble averaging while LES is 

spatial filtering. However, these assumptions will not change the predicted traveling 

speed of the bore. This indicates that the solutions with nonlinear k ��  model and 

LES model are close to the true DNS solution in terms of the traveling speed of the 

bore. 

 Figure 4.9 also shows that the turbulence effect on the net force on the square 

cylinder is minor. All the numerical solutions with or without a turbulence model 

predict very similar net forces in terms of the magnitude. 

 Overall, all the numerical results from turbulence models are very close to the 

laboratory measurements, especially in terms of the maximum positive and negative 

forces acting on the square cylinder. Figure 4.11 shows the comparison of time-history 

horizontal velocity at the gauge. Again, nonlinear k ��  numerical models 

successfully predict the horizontal velocity. 
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Figure 4.9: The time-history wave impact on a square cylinder. The numerical 

solutions of force on the square cylinder are validated with experimental data. The dot 

symbols are four sets of experimental data. The solid line is the numerical solution 

with nonlinear k ��  model. The dashed line is the numerical solution with linear 

k ��  model. 
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Figure 4.10: The time-history wall shear stress on a square cylinder. This solution is 

predicted by nonlinear k ��  model. 
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Figure 4.11: The time-history horizontal velocity. The gauge is located on the 

centerline; 14.6 cm from upstream face of the square cylinder, 2.6 cm from the floor. 

The dot symbols are two sets of experimental data. The solid line is the numerical 

solution with nonlinear k ��  model. The dashed line is the numerical solution with 

linear k ��  model. 
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4.4.5 Spatial Distribution of Turbulent Characteristics 
 

In this section, the numerical solution obtained by solving the nonlinear k ��  model 

will be presented. Figure 4.12 shows a sequence of snapshots of the free surface 

elevation as well as the turbulence intensity 2k . The initial numerical setup is shown 

at Time = 0.0 s. A “mushroom head” can be seen at Time = 0.15 s. Up to this stage, the 

flow condition is nearly 2D except for the weak shear stress generated by the side 

walls. The mushroom head bore will hit the floor before hitting the square cylinder 

and part of “air” will be trapped under the bore. The bore will hit the square cylinder 

and generate maximum net force at Time = 0.31 s. Part of the bore will be reflected by 

the square cylinder (Time = 0.36 s). The reflected water body will reach the maximum 

elevation at Time = 0.57 s. The maximum elevation has a chance to reach 0.48 m, 

which is higher than the initial impoundment (0.3 m). Due to the lower pressure in the 

wake zone, the separated bores on both sides of the square cylinder will merge 

together and generate strong turbulence. At Time = 0.68 s, the reflected bore on the 

cylinder face start collapsing. At Time = 0.80 s, two series of eddies begin to develop 

in the wake zone. The turbulence intensity is growing along with the developments of 

those eddies. At Time = 0.87 s, the reflected bore from the square cylinder is 

encountering the main dam-break bore, and a turbulence ring can be observed. After 

Time = 1.03 s, the bore will be reflected back from the end wall. The reflected bore 

will hit the floor and generate a rebounded wave at Time = 1.19 s and generate strong 

turbulence. After Time = 1.97 s, the turbulence intensity starts decaying gradually until 

hitting the upstream-side end wall. 
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Figure 4.12: Snapshots of the free surface elevation (left column) and turbulence 

intensity 2k  (right column) by solving nonlinear k ��  turbulence model. 

(Contour surfaces of turbulence intensity: [Yellow (Light gray): 0.125; Red (Gray): 

0.25; Black (Dark gray): 0.375 m/s]). 
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Figure 4.12 (continued) 
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Figure 4.12 (continued) 
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Figure 4.12 (continued) 
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4.4.5.1 Turbulence distribution at x, y, z cross-sections 

 

Because the dam-break flow condition in this case is fully three-dimensional after 

Time = 0.31s, snapshots of cross-sections shall help us to understand the spatial 

distribution of the turbulence. In this study, we choose three cross-sections to discuss 

the turbulence distribution. There are cross-sections at: z = 0.045 m, y = 0.295 m, and 

x = 1.255 m. They will be shown in Figure 4.13, 4.14, and 4.15, respectively. In each 

cross-section snapshot, the turbulence intensity will be presented in a gray scale as 

well as the contour lines. The darker gray scale indicates stronger turbulence intensity. 

 In Figure 4.13, the x-y cross-section is chosen to be at z = 0.045 m. This is 

roughly 1/2 ~ 1/3 of the bore height in the wake zone. As we have addressed before, 

the bore will generate two sets of eddies in the wake region. This can be clearly 

observed from Time = 0.8 s ~ 1.03 s. At Time = 1.19 s, another stronger turbulence is 

generated at x = 1.25 ~ 1.35 m and y = 0.2 ~ 0.4 m. This is due to the reflected waves 

from the end wall. In general, the turbulence intensity at z = 0.045 m is in the region of 

2 0.2 ~ 0.4k � m/s, or 2 / 0.117 ~ 0.233k gH � , where 0.3H � m is the 

impoundment.  

 Figure 4.14 shows the x-z cross-section at y = 0.295 m. This cross-section is very 

close to the centerline cross-section. At Time = 0.68 s, the bore is just reflected by the 

end wall. The turbulence intensity is as high as 0.6 m/s. At Time = 1.03 s, the reflected 

wave has a contact with the main bore at x =1.25 ~ 1.35 m and z = 0.05 ~ 0.075 m. 

This wave will be bounced up by the floor at Time = 1.19 s, and hit the square cylinder 

again at Time = 1.34 s. Inspected from Time = 0.68 ~ 1.62 s we can see that the 

turbulence intensity is about 0.2 m/s, which is within the same order of magnitude as 

that observed from z = 0.045 m cross-section.  

 Figure 4.15 shows the y-z cross-section at x = 1.255 m. This cross-section is 
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chosen at twice as much as the cylinder width behind the squire cylinder where the 

turbulence condition is very complex. At Time = 0.68 s, the separated bores from two 

sides of the cylinder merge again and generate stronger turbulence at y = 0.25 ~ 0.35 

m and z = 0.05 ~ 0.07 m. At Time = 0.8 s and 0.87 s, the jet-like eddies can be 

observed. The turbulence intensity is very high (about 2k � 0.6 m/s) compared to 

the ambient flow. After Time = 1.19 s, a part of the bore is reflected from the end wall 

and encounters the main bore. The turbulence intensity is 2 0.2 ~ 0.6k � m/s. 
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Figure 4.13: Snapshots of the turbulence intensity 2k  (m/s) on 0.045z � m 

cross-section. Denser colors indicate stronger turbulence intensities whose values can 

be referenced to the contour lines (with interval = 0.2 m/s). The square dot-circle is the 

location of the square cylinder. 
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Figure 4.14: Snapshots of the turbulence intensity 2k  (m/s) on 0.295y � m 

cross-section. Denser colors indicate stronger turbulence intensities whose values can 

be referenced to the contour lines (with interval = 0.2 m/s). The broken lines indicate 

the location of the square cylinder. The solid lines indicate the water surface where 

VOF of water = 0.5. 
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Figure 4.14 (continued) 
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Figure 4.15: Snapshots of the turbulence intensity 2k  (m/s) on 1.255x � m 

cross-section. Denser colors indicate stronger turbulence intensities whose values can 

be referenced to the contour lines (with interval = 0.2 m/s). The solid lines indicate the 

water surface where VOF of water = 0.5. 
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Figure 4.15 (continued) 
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4.4.6 Concluding Remarks 
 

In this study, we have examined the performance of the three-dimensional numerical 

model by simulating a wave-structure interaction problem. The nonlinear k ��  

model is used to represent the turbulence effect on the mean flow and to trace the 

turbulence distribution.  

 In this dam-break case, because of the strong vortex at the edge of the cylinder 

and complex flow pattern with strong turbulence, the potential flow assumption is not 

suitable. The numerical simulations with turbulence model successfully predict the 

maximum wave force acting on the structure which is very important for designing a 

coastal structure. The simulation results show that the turbulence has minor effect on 

the net force on the square cylinder. However, the turbulence stress does affect the 

bore propagation speed. Both nonlinear k ��  and LES modes predict a very similar 

bore traveling speed for the reflected bore from the end wall. 

 The nonlinear k ��  model is also used to trace the spatial distribution of 

turbulence. Strong turbulence can be observed in eddies and in reflected waves, and 

the magnitude of turbulence intensity is in the region about 2 0.4k �  m/s in this 

case. 
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Chapter 5  
 
 
 

A Numerical Investigation of Runup 
from Three-Dimensional Sliding Masses 
 
 
 

Landslide-generated tsunamis appear to be one of the major hazards in a coastal region. 

To better understand the landslide-generated waves and runup, we have developed a 

numerical model to simulate a sliding wedge in a 3.7 m-wide tank with a 1:2 plane slope 

in it. This solid wedge (a 91 cm horizontal length, 46 cm high and a 61 cm wide vertical 

face) was used to represent a landslide. The initial positions of the wedge ranged from 

totally aerial to fully submerged, and the weight was also varied over a wide range.  

This numerical model is based on the Large-Eddy-Simulation (LES) approach. The 

Smagorinsky subgrid scale model is employed and the Volume of Fluid (VOF) method 

is used to track the free surface and shoreline movements. A numerical algorithm for 

describing the motion of the slide is developed. Numerical results are compared with the 

experimental data in terms of the time histories of runup and generated waves. Based on 

the numerical results, the detailed flow patterns, free surface and shoreline deformations 

are discussed. 
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5.1 Introduction 
 

Tsunamis may be generated by several natural activities, such as earthquakes, volcano 

eruptions, and landslides. Mainly due in the disasters caused by slump-introduced 

tsunami of Papua New Guinea (PNG) in 1998 (Bardet et al., 2003), landslide-generated 

tsunamis have recently received great interest. In the PNG tsunami event, more than 

2200 lives were lost (Davies, 1999; Kawata et al., 1999). The PNG tsunami is triggered 

by an earthquake of magnitude seven. Some recent investigations showed that for this 

size of earthquake, the tsunami wave high at shoreline was estimated to be 7 m to 8 m. 

However, the field watermark was up to 12 m. This indicated that the tsunami was 

generated by a massive underwater slump caused by the earthquake (Kawata et al., 1999; 

Synolakis et al., 2002).  

 Landslides in coastal areas have the potential to generate large tsunamis. The size 

of tsunamis depends mostly on the size of the sliding masses and the slope of the sea 

bottom. They may generate large waves with huge runup. One famous case is Lituya 

Bay tsunami happed in 1958 in Alaska. A huge volume of rocks falls down and 

produced a huge wave in the inlet. This wave then destroyed all vegetation up to 500 m 

at the opposite coast (Miller, 1960; Murty, 1977).  

The landslide generated waves presents many complications, such as complex 

three-dimensional interfacial flow structures, moving boundary, and strong turbulence. 

The moving solid slides make the boundary condition depend on time. The strong 

turbulence generated by slide motion requires a very fine grid to resolve the turbulent 

structure, which makes the numerical simulation expensive especially in three- 

dimensional simulations.  

The strong turbulence generated by the landslides requires a proper turbulence 

model. In this study, the traditional Smagorinsky model will be adopted, which is the 
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most popular LES SGS model, and has been used in many breaking wave studies 

(Watanabe and Saeki, 1999; Christensen and Deigaard, 2001; Lin and Li, 2003). 

The present numerical study concerns the solid landslide motion as well as the 

landslide generated breaking wave run-up and run-down on a slopping beach. A 

moving solid algorithm similar to Heinrich’s method will be developed. The volume 

of fluid (VOF) methods similar to Rider and Kothe (1998) and Kothe et al. (1999) will 

be used to track the surface movement. LES turbulent model will be employed on the 

breaking wave simulations. Forty five computational simulations have been conducted 

with different initial elevations and specific weight of the solid slides. Comparisons 

between the computational results and experimental data for time histories of free 

surface fluctuations and the runup/rundown at various locations are made. Overall the 

agreement is very good. The simulation results for the velocity field, shoreline 

evolution and free surface profiles are discussed in detail.  
 
 

5.2 Governing Equations and Boundary Conditions 
 

The flow motions generated by a slide movement can be described by the Navier-Stokes 

equations. However, the size of the physical domain for the turbulent flows makes the 

direct numerical simulation (DNS) nearly impossible with available modern computers. 

The LES model (Deardorff, 1970) which solves the large-scale eddy motions and 

models the small-scale turbulent fluctuations becomes an attractive alternative. In the 

LES model, the governing equations can be seen in Equation (2.59) and (2.66). The 

Smagorinsky model (Smagorinsky, 1963) will be adopted to close the residual stress r
ij�  

in Equation (2.66). 
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5.2.1 Wall Boundary Condition 
 

In this simulation, a near-wall damping function (Equation 2.83) derived by Cabot and 

Moin (2000) will be used at the cells adjacent to the solid walls. The Newton-Raphson 

iterative method (Equation 4.5) will be adopted to solve eddy viscosity t� : 

 

 

5.3 Numerical Implementation 
 

In the numerical model, the filtered equations are solved via the finite-volume two-step 

projection method introduced in Chapter 3. The forward time difference method is used 

to discretize the time derivative. To track the free-surface locations, the volume of fluid 

(VOF) method is used. In order to simulate the momentum and moving boundary 

effects introduced by landslides, the moving solid algorithm will be developed. In this 

section, we shall present the detail algorithm to solving moving solid problems.  

 

 

5.3.1 Moving Solid Algorithm 
 

Non-stationary boundaries are important in an increasing number of coastal 

applications, including sand drift and landslide problems. As for solving the moving 

boundary problem, curvilinear boundary-fitted coordinates and unstructured grids are 

two possible methods. However, the boundary-fitting method is complex in grid 

generation. Moving or deforming boundaries further complicate numerical flow 

simulations. When boundary fitted meshes are employed, the grid either has to be 
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regenerated or deformed as the boundary geometry changes, adding considerable 

complexity to the computations. Another approach is the immersed boundary method 

(IBM). This method introduces a body-force field so that a desired velocity 

distribution can be assigned over a solid boundary (Mohd-Yusof, 1997; Goldstein, et 

al., 1993). This method allows the imposition of the boundary conditions on a given 

surface without coinciding with the computational grid. The major concern over this 

method is the interpolation of forcing over the grid. The IBM has been successfully 

applied to the internal combustion (IC) piston simulation (Fadlun et al., 2000; Verzicco 

et al., 2000). The IBM has the advantage of providing highly accurate results to the 

moving boundary problems. However, this method depends on the interpolated 

velocity on the boundary to evaluate the immersed force around the moving boundary. 

Therefore it requires fine resolution on the solid boundary. Instead of using immersed 

force in the fluid domain, Heinrich (1992) added a source function in the continuity 

equations to represent the solid movement to simulate two-dimensional landslide 

problems and the water surface profiles were compared well to the laboratory data. 

The moving solid algorithm which involves a source function in the VOF equations 

does not require any interpolation scheme and is independent of the grid system, thus 

it is very attractive in current study. In this simulation, a moving solid algorithm which 

is improved from Heinrich’s method will be presented, and will be used to simulate 

three-dimensional subaerial and submerged landslide problems. 

 In order to simulate the movement of a moving solid, the partial grid algorithm 

(section 5.3.2) and an internal source function are added to the program. Consider a 

volume V containing an obstacle (Figure 5.1), which is defined by its volume � �obst tV  

and its surface � �obst tA . If the obstacle volume increases, i.e. 0obstdV dt - , the volume of 

the fluids decrease, and vice versa. The conservation of mass in the volume V can be 

expressed as follow:  
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 � �obst t

A

dV
dA

dt
� �$ u n�  (5.1) 

 
Then the new continuity equation for the volume V can be expressed as: 

 

 � � � �1
, , ,obst tdV

x y z t
V dt

	�� � �u  (5.2) 

where 	� internal source function. Substituting the new continuity equation, Equation 

(5.2), into the original governing equation, the momentum equation becomes: 

 
� � � �i i j i j

ieff i
j i j j i

u u u p u u
g u

t x x x x x

� �
� � � 	
� �� �	 	 	 	 	 	 
�� �
�� �� � � � �
� �� 

	 	 	 	 	 	�� �� �� �

 (5.3) 

 The main procedure of moving solid algorithm can be expressed as: 

1. Update the new time step solid body VOF (Figure 5.2). 

2. Add a positive source function to the region where fluids will be pushed out, 

and a negative source function in the wake zone where fluids will be sucked in 

(Figure 5.3) 

3. Solve the new time step velocities. 
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Figure 5.1: A solid body in the fluid domain. 
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Figure 5.2: Update the solid body VOF from old time step (t1) to new time step (t2). 
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Figure 5.3: Add a positive source term in front of the solid body, and a negative source 
term (sink term) in the wake zone. Where dt = t2 – t1, t3 = t2 + dt. 
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Figure 5.4: The comparison between Heinrich’s method and present moving solid 
algorithm. 

 

The difference between present moving solid algorithm and the Heinrich (1992) 

one is that, the present algorithm updates the new time step solid VOF first, and then 

adds additional source functions in the areas where materials changed. However, in 

Heinrich’s method, the source functions are added before updating the solid VOF. The 

present algorithm yields more accurate moving boundary effect (Figure 5.4). 

One of the advantages of using the moving solid algorithm is that the grid system 

does not need to fit the solid boundary. Therefore, a part of the internal cells will be 

occupied by the solid material. In order to deal with a cell with partially solid materials 

and partial fluids, a simple partial cell treatment will be applied. 
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5.3.2 Partial Cell Treatment 
 

The purpose of the partial cell treatment is to adopt moving solid algorithm function 

and to deal with unstructured interior obstacles. Since the obstacle inside the 

computational domain occupies a part of the interior fluid volume, the effective cell 

volume will be a fraction of the original cell volume: 

 
� �1eff solidV f V

V�

� �

�
 (5.4) 

where effV  is the effective cell volume, solidf  is the volume fraction occupied by 

solid material in each cell, V  is the original cell volume, and �  is the effective 

volume fraction.  

 If a cell contains partial volume of solid material, the flow solver has to deal with 

it. Cell faces are defined either to be entirely closed, or not. Cell faces are “closed” 

only if at least one of the two immediately neighboring cells is entirely occupied by 

solid material. If the cell faces are “closed”, the face velocity of the cell is set to zero, 

and the face pressure is no longer calculated in the pressure solution. On the other 

hand, if any face between two cells, containing at least a partial cell volume of fluid, is 

“open”, the code solves the velocities and pressure gradients. 

 Compared to the conventional way to treat the irregular solid material that creates 

the “saw-tooth” boundary, the partial cell treatment introduced here is a better choice 

to represent the smooth real geometry of the boundary. 
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Figure 5.5: The Laboratory setup of the 3D landslide experiment. 
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5.4 Laboratory Setup 
 
The numerical simulation results for a subaerial and a submerged wedge slide will be 

compared with the experimental data so as to gain confidence in the accuracy of the 

numerical model. The experiments were conducted in a wave tank at the Oregon State 

University. The wave tank has a length of 104 m, width of 3.7 m, and depth of 4.6 m. A 

plane slope (a beach with an inclination of two horizontal to one vertical) was installed 

near one end of the tank and a dissipating beach at the other end. In the experiments, two 

configurations of the wedge and one hemisphere on the slope were used: (1) the front 

face of the wedge vertical (Series A); (2) the wedge turned “end-for-end” so that for this 

orientation the top and front faces are neither horizontal nor vertical (Series B); (3) A 

hemisphere with 91.44 cm in diameter (Series H). However, due to the limited time, our 

numerical investigations only focused on Series A simulations. A solid wedge was used 

to represent the landslide (Figure 5.5). The triangular face has the following dimensions: 

a length of b = 91.44 cm, a front face a = 45.72 cm and a width of w = 61 cm. 

In the laboratory experiments, the bodies move down the slope by gravity rolling on 

specially designed “Vee” shaped wheels (with low friction bearings). Therefore, the 

bodies could slide down unidirectionally. Near the bottom of the slope a “rubberized 

gorse hair” filled basket is mounted to the slope to catch the body before it can run out 

onto the horizontal bottom of the wave tank. One cable about 3 mm in diameter is used 

with a winch to retrieve the body and position it for the next experiment. A thin line 

connects the body to a rotating potentiometer that provides measurement of the body’s 

position and velocity time histories. 

For a given initial wedge position, the specific weight �  (defined as � �  

/wedge water� � ) is varied from 1.5� �  to 3.73� � . The initial wedge elevation (� ) 

ranged from subaerial to submerged ( 0.33 / 0.5b� ,� , ). For series A, the maximum 
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runup height was obtained by observing the video images of the leading edge of the 

runup tongue. One runup gauge is located at 30.5 cm to one side of the centerline 

(Gauge #2). The other runup gauge is located at 61 cm to the centerline (Gauge #3). In 

this way the runup time history could be obtained. In all cases the maximum runup was 

determined before wave reflections from the sidewalls returned to the centerline of the 

tank. Four wave gauges (Gauge #4 to Gauge #7) were installed in the offshore direction 

to measure the offshore waves. A wave gauge array with six wave gauges (Gauge #8 to 

Gauge #13) were installed in the lateral direction to measure lateral propagating waves. 

 
 
5.5 Numerical Setup 

 

The numerical simulations are carried out in a numerical wave tank. In this study, the 

numerical simulation is focused on simulating the type A landslide generated waves. 

The numerical tank is designed to simulate half of the original domain. In order to make 

sure that the half-domain simulations would not hurt the results, one subaerial landslide 

case has been conducted in both full and half domains. The results show that the 

differences between the full and half domains are smaller than 1%  in terms of the time 

history runup heights and wave heights. This indicates that in these landslide 

simulations the effects of vortex shading on the runup height and wave heights are small 

and can be neglected, and it is save to adopt the half domain to save the computational 

time. Thus, the width of the numerical tank is 1.85 m.  
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Figure 5.6: The numerical setup and gauge positions. Unit is in meter. 

 



 162 

 

In this study, our discussion will be focused on the shoreline movement and near 

field surface profile. Therefore, the length of the domain is designed to be shorter than 

the laboratory setup. See Figure 5.6 for details. The maximum still water depth (h) 

varies for different cases and is proportional to the total displacement of the wedge. All 

these efforts are made to have a better resolution and save computational time. The 

number of grid points is fixed. For all cases in this study, the number of grid point is 60 

in the streamwise direction, 50 in the spanwise direction, and 60 in the vertical direction. 

A non-uniform grid is used in the streamwise and vertical directions. The finest cell is 

located at the onshore corner (Figure 5.6) to have a finer resolution for the runup 

simulations. Coarser resolution is applied to the offshore deep water corner because the 

effect on the free-surface is less important. The boundary conditions of the side walls 

are impermeable free-slip walls. Therefore, the landslide generated waves will be 

reflected by the downstream wall, which will not be seen in the laboratory experiments. 

However, since the maximum and minimum runup as well as the major free-surface 

elevations will occur before the reflected waves reach the gauges, the reflecting wall 

boundary condition is still a good choice to simplify the numerical setup. The ceiling 

boundary condition is a zero-pressure open boundary condition. The 1:2 slope is 

designed to extend from upper-right corner to lower-left corner (Figure 5.6), so the solid 

material will occupy 50% of the cell volume on the slope. This design ensures that the 

effective cell volume will not be smaller than 50% of the total cell volume, therefore the 

time marching will not be limited by certain cells with extreme small effective cell 

volumes due to the Courant number restriction. The time step is determined 

dynamically based on the Courant number criteria which is 0.45 in this study.  

Similar to the laboratory setup, three runup gauges are installed close to the 

moving wedge; four wave gauges numbered from #4 to #7 are installed in the offshore 
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direction; and one wave gauge array with six wave gauges numbered from #8 to #11 is 

installed on the lateral side of the moving wedge. See Figure 5.6 for details. However, 

the gauge locations might not coincide with grid centroid. Thus, the nearest neighbor 

interpolation method is used to interpolate gauge data.  

 In this study, the displacement of the moving wedge is obtained from the 

laboratory measurements. Therefore, the numerical simulations share the same initial 

accelerations and friction coefficient with the laboratory experiments. 

 
 
5.6 A Subaerial Landslide Simulation 
 

In this study, we have conducted forty five numerical experiments based on different 

initial elevations and specific weights of the series A moving wedges. Before discussing 

all the numerical simulations, we shall inspect and verify the numerical solution with 

the laboratory gauge data. One subaerial and one submerged landslide simulations will 

be examined before we discuss all the numerical results. The free-surface profiles, 

velocity fields, and shoreline movements will be presented in the selected subaerial and 

submerged landslides. After that, the maximum runup heights of all the numerical 

solutions will be compared with the laboratory data. The cross-comparison of the 

shoreline movement will be presented and discussed. 

In this section, a subaerial landslide simulation will be examined to verify the 

accuracy of the numerical model. The detailed observations will be presented and 

discussed. 
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5.6.1 Setup 
 
In this subaerial landslide case, the initial elevation of the wedge is 0.454 m above the 

initial still water level ( 0.454m�� ). The specific weight 3.43soild water� � �� � . The 

numerical simulation is conducted in a domain with size � �Domain size
, ,x y z  

� �6.6,3.7,3.3� , where the unit is meter and � �, ,x y z  represent the directions of 

off-shore � �x , lateral � �y , and vertical � �z  respectively. Non-uniform grids are used 

in x and z directions with the finest grid size � � � �, 0.0391,  0.0196
finest

dx dz �  located at 

the corner near the initial shoreline. A uniform grid was adopted in the lateral direction. 

The grid has been specially designed so that 2dx dz� . The slope was located diagonally 

across the ,x z  plan. Therefore, on the slope and without considering the moving 

wedge, the effective cell volume is always equal to 50% of the local cell volume. This 

design could help us to clearly identify the shoreline location without being interfered 

with the irregular effective cell volume.  

The trajectory of the slide motion is obtained directly from the laboratory 

measurement. Figure 5.7 shows the time history of the displacement (S) and speed of 

the slide motion for current case. 
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Figure 5.7: The displacement (S) and the speed of the moving slide. In this subaerial 

case, the initial wedge position (� ) is 0.454 m above the still water surface. The 

specific weight (� ) of the wedge is 3.45. 
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5.6.2 Initial and Boundary Conditions 

 
The initial condition is zero velocity everywhere including the moving slide. The 

boundary condition is no-flux and free-slip everywhere except on the slope and on the 

surface of the moving slide. Because of the partial cell treatment, the boundary 

condition of the slope and the surface of the slide will be treated as non-slip and no-flux 

that are very close to the real laboratory setup. The downstream face is specified as a 

free-slip wall, which will reflect energy and contaminate the solutions after a certain 

period. However, our goal is to investigate the maximum runup and the leading 

off-shore waves which happened before the reflecting waves reach the investigation 

area. Therefore, in this study, we still adopt the free-slip wall boundary condition on the 

downstream faces to simplify the setup of the problems. 

 

 
5.6.3 The Runup Gauges 
 
In the laboratory setup, two runup gauges are installed on the slope to provide the time 

history runup information. The first runup gauge (Gauge #2) is located right beside the 

edge of the wedge, the other one is located one wedge width away from the centerline 

cross-section. In the numerical simulation, we also installed two runup gauges at the 

same locations as the laboratory setup. Figure 5.8 shows the comparison between the 

numerical results and laboratory data. The solid lines are the numerical results and the 

broken lines are the experimental measurements. The numerical runup height is 

determined by the contour line where the water occupies 50% of the effective cell 

volume. A very good agreement is shown in the Gauge #2 comparison. Gauge #3 shows 

that the numerical solution slightly over-predicts the maximum runup height and the 
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disagreement is about 10%. Overall, the numerical simulation is able to capture the 

maximum runup height in the near field region, and most importantly, the model is able 

to accurately predict the arrival time of the maximum runup height.  

 

 

5.6.4 Four Fixed Wave Gauges 
 
There are four fixed wave gauges installed in front of the slide and labeled as gauge #4 ~ 

#7 (see Figure 5.6). Figure 5.9 shows the comparison of wave gauge data. Again, the 

solid lines are the numerical solutions and the broken lines are the numerical 

measurements. Gauge #4 and #6 are the ones close to the shoreline. The comparison 

shows that the numerical simulation successfully predicts the leading wave height as 

well as the phase speed. Gauge #5 and #7 show that the numerical solutions 

under-predict the leading wave height. However, the numerical model is able to predict 

the phase of the waves.  

 

 

5.6.5 Wave Gauge Array 
 
Wave gauges #8 ~ #13 are installed on the side of the moving slide to record the lateral 

movement of landslide generated waves. Figure 5.10 shows the numerical results and 

laboratory data. The results show that the numerical solutions successfully predict the 

wave heights of the leading and secondary waves. The numerical solutions also 

accurately capture the phase of the waves. However, from gauge #8, #9, and #11, around 

time = 1.75 sec, the comparisons show that the numerical solutions cannot predict some 

small scale motions. This might be due to the resolution issue, or might also be the 
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experimental errors because there are a lot of breaking and bubbles. Fortunately, these 

errors have no significantly effects on the predictions of the secondary waves.  

 

 

5.6.6 Snapshots 
 
From the comparisons with the laboratory gauge data, the landslide numerical model 

has been examined to provide useful information to investigate the subaerial landslide 

problems. In this section, we shall provide a sequence of snapshots of the surface 

elevation, velocities, and shoreline movements, which are not measured in the 

experiments.  

 

5.6.6.1 Free-surface elevation 

 

Figure 5.11 shows the snapshots of the free surface elevation. The initial shoreline is at 

the intersection of 0x �  and 0z � . The slide first pushes the water in front of the 

slide (time = 0.0 ~ 0.8 sec). Then the slide sinks into water and the water caves in due to 

the low pressure in the wake zone (time = 0.8 ~ 1.2 sec). With the slide keeping on 

sinking, the merged waves in the wake zone generate a strong reflecting wave (time = 

1.2 ~ 3.0 sec). This strong motion is the key source to the maximum runup and to the 

largest leading wave towards the off-shore direction. After time = 3.0 sec, the solution is 

gradually contaminated by the waves reflected from the side walls and will be excluded 

from this discussion. 
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Figure 5.8: The comparison between numerical results (solid lines) and experimental 
data (broken lines) for the time history runup height at Gauge #2 and Gauge #3. 

0.454m�� . 3.43� � .
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Figure 5.9: The comparison between numerical results (solid lines) and experimental 
data (broken lines) for the time histories of free surface fluctuations at wave gauge #4 
~ #7; �=0.454 m, � =3.43. The coordinates for gauges are: Gauge #4: (x, y) = (1.83, 

0); Gauge #5: (x, y) = (2.74, 0); Gauge #6: (x, y) = (1.83, 0.61); Gauge #7: (x, y) = 
(2.74, 0.61). The unit is in meter. 
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Figure 5.10: The comparison between numerical results (solid lines) and experimental 
data (broken lines) for the time histories of free surface fluctuations at wave gauge #8 
~ #13; �=0.454 m, � =3.43. The coordinates for gauges are: Gauge #8: (x, y) = 

(0.4826, 1.092); Gauge #9: (x, y) = (0.8636, 1.092); Gauge #10: (x, y) = (1.2446, 
1.092); Gauge #11: (x, y) = (0.635, 0.4826); Gauge #12: (x, y) = (0.635, 0.8636); 
Gauge #13: (x, y) = (0.635, 1.2446). The unit is in meter. 
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Figure 5.11: Snapshots of free-surface profile for the sliding wedge with �= 0.454 m, 
and � =3.43. The unit is in meter. 
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Figure 5.11 (continued) 
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5.6.6.2 Velocities 

 

Figure 5.12 presents the detailed velocity vectors at the centerline cross-section. From 

time = 0.0 ~ 0.8 sec, the velocities are generated by the pushing process of the slide. 

After time = 0.8 sec, the elevation of the top of the slide is lower than the still water 

depth, and part of the water floods into the wake area. At time = 1.2 sec, the slide is fully 

submerged. After that, the slide provides momentum to water not only from the pushing 

process but also from the low pressure in the wake area. The low pressure mainly results 

in adding a negative source function in the pressure-Poisson equation. A very complex 

flow pattern can be observed right after the slide has fully merged into water (time = 1.2 

~ 1.5 sec). This complex velocity distribution indicates that the depth-integrated 

equation models might have a larger error during this period. From time = 2.1 to 2.7 sec, 

the velocity distribution shows that a strong flow current has been generated by the slide 

motion, and has a thickness about 1.5 ~ 2.0 times the front face height ( slideH ) of the 

slide. Above this flow current, there exists a returning current and generates a negative 

wave. Between these two currents, there exists an eddy which can be clearly seen from 

time = 2.1 sec to 2.7 sec. The size of the eddy depends on the moving speed of the slide. 

In this case, the eddy size is about one front face height ( slideH ) of the slide. After t = 2.7 

sec, the slide stops. However, the current behind the slide still keeps on moving with the 

decreasing strength.  
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Figure 5.12: Snapshots of velocity vectors on the centerline vertical plane for the 
sliding wedge with �=0.454 m, and � =3.43. The unit is in meter. 
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Figure 5.12 (continued) 
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Figure 5.12 (continued) 
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Figure 5.12 (continued) 
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5.6.6.3 Shoreline movement 

 

Figure 5.13 shows the snapshots of the shoreline movement. The snapshot at time = 1.2 

sec shows that the slide has fully submerged into water and an air bubble is trapped there. 

After time = 1.5 sec, the shoreline starts to move up, spreads out, and then reaches the 

maximum runup height at time = 2.7 sec. From the sequence of the snapshots we 

observe that at time = 2.7 sec, both the centerline and the near field region 

( 1m 1my� , , ) reaches the maximum runup. Therefore, the intersection of the 

shoreline and z = 0 m at time = 2.7 sec can be treated as the maximum inundation area.  

 

 

5.6.7 Cross-Sections 
 
Here we provide the velocity distributions on different cross-sections at time = 1.5 sec. 

At time = 1.5 sec, the slide is just fully submerged into water and generates a complex 

flow pattern. As we have addressed before, at this moment, the depth-integrated type 

wave model will have a larger error. 

 

� x cross-section 

Figure 5.14 provides the velocity distribution from x = -3.0 m to x = -0.25 m, 

where initial shoreline is located at � � � �, 0,0x z � . On each plot, the vectors are the fluid 

particle velocity vectors, and the dot lines are the water boundaries. The upper solid 

lines indicate the interface between air and water, and the lower solid lines indicate the 

interface between water and solid walls. From x = -3.0 m to x = -2.5 m, the water has 

been pushed away and convected to the ambient fluid. The region effected by the 
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moving slide has a length scale about 3 times the width of the slide ( slideW ) laterally and 

2 times the height of the slide ( slideH ). From x = -2.25 m to x = -1.5 m, the cross-sections 

are interacting with the slide. An important feature is that a strong negative wave has 

been generated by the slide. At these cross-sections, the fluid motion is generally 

towards the direction of leaving slide. However, starting from x = -1.75 m, the returning 

currents at two sides of the slide can be observed. These returning currents become 

significantly and dominate the flow domain from x = -1.25 m ~ x = -0.25 m. These 

returning currents then hit each other and generate a strong reflecting wave.  

 

� y cross-section 

Figure 5.15 shows the cross-section from y = 0.0 m to y = 0.8 m, where y = 0.0 m is 

the centerline cross-section. From y = 0.0 m to y = 0.3 m, the velocity distributions 

clearly show how the water has been pushed in front of the moving slide, and how the 

water has been dragged by the slide in the wake zone. At y = 0.6 m and y = 0.8 m, the 

returning currents can be also observed right above the slope.  

 

� z cross-section 

Figure 5.16 shows the cross-section from z = -1.3 m to z = 0.0 m. From z = -1.3 m 

to z = -1.0 m, the plots show the region affected by the slide motion. Clearly, the largest 

velocity happens in front of the slide and within one slideW . From z = -0.9 m to z = -0.2 

m, we are able to see the details of how the fluids merge together in the wake area. At z 

= -0.1 m and z = 0.0 m, the complex flow patterns can be seen and the fluid motion is 

mainly toward the offshore direction. 
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Figure 5.13: Snapshots of shoreline movement for the sliding wedge with �=0.454 
m, and � =3.43. The unit is in meter. 
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Figure 5.13 (continued) 
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Figure 5.13 (continued) 
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Figure 5.13 (continued) 
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Figure 5.14: Snapshots of velocity vectors on the vertical x-planes at time = 1.5 sec for 
the sliding wedge with �=0.454 m, and � =3.43. The unit is in meter. The 

magnitude of the reference vector indicates the speed of the wedge. 
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Figure 5.14 (continued) 
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Figure 5.14 (continued) 
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Figure 5.14 (continued) 
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Figure 5.15: Snapshots of velocity vectors on the vertical y-planes at time = 1.5 sec for 
the sliding wedge with �=0.454 m, and � =3.43. The unit is in meter. The 

magnitude of the reference vector indicates the speed of the wedge. 
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Figure 5.15 (continued) 
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Figure 5.16: Snapshots of velocity vectors on the horizontal z-planes at time = 1.5 sec 
for the sliding wedge with �=0.454 m, and � =3.43. The unit is in meter. The 

magnitude of the reference vector indicates the speed of the wedge. 
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Figure 5.16 (continued) 
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Figure 5.16 (continued) 
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Figure 5.16 (continued) 
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Figure 5.16 (continued) 
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5.6.8 Half Domain Simulation 
 

From the x, y, and z cross-section figures, we have found that the velocities are nearly 

symmetric in the spanwise direction. This suggests that the vortex shading effect might 

not be significant to the whole flow field, especially to the runup and wave heights. In 

order to confirm this observation, we also have conducted a simulation in the same 

numerical tank but only with half width. Figure 5.17, 5.18, and 5.19 show the 

comparisons between full domain simulation, half domain simulation and experimental 

data in terms of runup heights and free surface elevations. The differences between the 

full domain and half domain simulation are less than 2% of the maximum runup height 

which is small and within one grid size. This test indicates that we can conduct the 

landslide simulation in the half-domain numerical tank and save the computational 

efforts. Therefore, the simulations will be conducted in half-domain numerical tanks. 
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Figure 5.17: The comparison between full domain numerical results (solid lines), half 
domain numerical results (dashed lines), and experimental data (broken lines) for the 
time history runup height at Gauge #2 and Gauge #3. 0.454m�� . 3.43� � . 
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Figure 5.18: The comparison between full domain numerical results (solid lines), half 
domain numerical results (dashed lines), and experimental data (broken lines) for the 
time histories of free surface fluctuations at wave gauge #4 ~ #7; �=0.454 m, 
� =3.43. The coordinates for gauges are: Gauge #4: (x, y) = (1.83, 0); Gauge #5: (x, y) 

= (2.74, 0); Gauge #6: (x, y) = (1.83, 0.61); Gauge #7: (x, y) = (2.74, 0.61). The unit is 
in meter. 
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Figure 5.19: The comparison between full domain numerical results (solid lines), half 
domain numerical results (dashed lines), and experimental data (broken lines) for the 
time histories of free surface fluctuations at wave gauge #8 ~ #13; �=0.454 m, 
� =3.43. The coordinates for gauges are: Gauge #8: (x, y) = (0.4826, 1.092); Gauge #9: 

(x, y) = (0.8636, 1.092); Gauge #10: (x, y) = (1.2446, 1.092); Gauge #11: (x, y) = 
(0.635, 0.4826); Gauge #12: (x, y) = (0.635, 0.8636); Gauge #13: (x, y) = (0.635, 
1.2446). The unit is in meter. 
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5.7 A Submerged Landslide Simulation 
 

In the previous section, we have verified the accuracy of a 3D subaerial landslide 

simulation. In this section, a 3D submerged landslide simulation is going to be inspected 

and discussed.  Because there are many similarities between the subaerial and 

submerged landslide cases, we shall focus the descriptions and discussions on the 

differences between these two cases. 

 

 

5.7.1 Setup 
 

The initial elevation of the submerged landslide is 0.05 m below the still water level 

( 0.05m��� ). The specific weight �  is 2.79. The numerical simulation is conducted 

in a domain with size � � � �Domain size
, , 5.4,1.85, 2.7x y z � . In order to save computational 

efforts, we apply the symmetric boundary condition at 0.0my � . Non-uniform grids 

are applied in x and z directions with the finest grid size 

� � � �, 0.0388,  0.0194
finest

dx dz �  located at the corner near the initial shoreline. A 

uniform grid is adopted in the lateral direction. Figure 5.20 shows the displacement (S) 

and the speed of the moving slide measured from the laboratory experiment.  

 

 

5.7.2 Initial and Boundary Conditions 
 

The submerged landslide case has the same initial and boundary conditions as those in 

the subaerial case. 
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Figure 5.20: The displacement (S) and the speed of the moving slide. In this 
submerged case, the initial wedge position (� ) is -0.05 m above the still water surface. 
The specific weight (� ) of the wedge is 2.79. 
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5.7.3 The Runup Gauges 
 

Figure 5.21 shows the comparisons of the numerical solutions and laboratory data. 

From the comparison of Gauge #2, the numerical results appear to be in good agreement 

with the laboratory data. However, in the Gauge #3 comparison, the lateral movement of 

the runup in the laboratory experiment is slower than that in the numerical solution. The 

numerical solution shows that the time-history runup curves of Gauge #2 and Gauge #3 

have a similar appearance. This observation can be also obtained in the subaerial 

simulation and measurement (Figure 5.8). However, in this submerged case, the 

laboratory measurements of Gauge #2 and Gauge #3 have very different shapes. 

Unfortunately, we currently do not have a good explanation for this disagreement. 

Except for the maximum runup, the rest of the data show a good agreement between the 

numerical solutions and the laboratory data. 

 

 

5.7.4 Four Fixed Wave Gauges 
 

Figure 5.21 shows the comparisons of wave gauge data. Gauge #4 ~ Gauge #7 are 

placed in the offshore region. The comparisons show a very good agreement between 

the numerical solutions and the laboratory data. The numerical model successfully 

predicts the maximum wave height in Gauge #6 and Gauge #7, and captures the phases 

of waves in all measurements.  

From Gauge #4 to Gauge #7, the maximum wave height does not happen at the 

leading but at the secondary wave. This observation is different to that in the subaerial 

case. This shows that in the subaerial landslide, a large portion of energy is transferred 

from slide to water by the initial “pushing” process. However, in the submerged 
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landslide case, the momentum generated by the initial pushing process will be 

transferred to the wake area, and has fewer effects on the free-surface waves.  

 

5.7.5 Wave Gauge Array 
 

Figure 5.23 shows the comparison of Gauge #8 ~ Gauge #13. These six wave gauges 

mainly monitor the energy transfer in the lateral direction. The comparisons show that 

before time = 3 sec, the numerical solution has a good agreement with the laboratory 

data. After time = 3 sec, the solution and data are contaminated by the reflected wave 

from the side walls, and will be excluded from current discussion. 
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Figure 5.21: The comparison between numerical results (solid lines) and experimental 
data (broken lines) for the time history runup height at Gauge #2 and Gauge #3. 

0.05m��� . 2.79� � . 
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Figure 5.22: The comparison between numerical results (solid lines) and experimental 
data (broken lines) for the time histories of free surface fluctuations at wave gauge #4 
~ #7; �=0.454 m, � =3.43. The coordinates for gauges are: Gauge #4: (x, y) = (1.83, 

0); Gauge #5: (x, y) = (2.74, 0); Gauge #6: (x, y) = (1.83, 0.61); Gauge #7: (x, y) = 
(2.74, 0.61). The unit is in meter. 
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Figure 5.23: The comparison between numerical results (solid lines) and experimental 
data (broken lines) for the time histories of free surface fluctuations at wave gauge #8 
~ #13; �=-0.05 m, � =2.79. The coordinates for gauges are: Gauge #8: (x, y) = 

(0.4826, 1.092); Gauge #9: (x, y) = (0.8636, 1.092); Gauge #10: (x, y) = (1.2446, 
1.092); Gauge #11: (x, y) = (0.635, 0.4826); Gauge #12: (x, y) = (0.635, 0.8636); 
Gauge #13: (x, y) = (0.635, 1.2446). The unit is in meter. 
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5.7.6 Snapshots 
 

We present the snapshots of free-surface elevation, velocities, and shoreline movements 

from Figure5.24 ~ Figure 5.26. The basic physical phenomena are very similar to those 

in the subaerial cases. In Figure 5.24, we can see that the free surface has smaller 

free-surface displacement than that in the subaerial one. This is because that the 

submerged landslide has a lower initial slide elevation and a smaller specific weight. 

Figure 5.25 show the velocities at the centerline cross-section. Compared to the 

subaerial case, the main processes to generate waves and velocities are similar. One 

important observation is that the velocity on top of the slide has a speed faster than that 

in the moving slide. This is caused by the three-dimensional effect. We have found that 

the moving slide generates a three-dimensional eddy, and this eddy transfers the 

momentum to the centerline location and makes the high velocity jet on top of the slide. 

This phenomenon can be clearly seen in Figure 5.27. 

Figure 5.28 shows the snapshots of the shorelines. Because of the slide movement, 

from time = 0.0 sec to 0.9 sec, the runup height has negative values. After time = 1.2 sec, 

a rebounding wave causes the shoreline to rise up. The maximum runup at the centerline 

happens at time = 1.75 sec. Compared to the subaerial case (Figure 5.15, time = 2.7 sec), 

different shoreline curves can be observed. In the subaerial simulation, the shoreline 

curve looks like a hump. However, in this subaerial case, the shoreline curve is more 

like a concave. 
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Figure 5.24: Snapshots of free-surface profile for the sliding wedge with �= -0.05 m, 
and � =2.79. The unit is in meter. 



 209 

Figure 5.24 (continued) 
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Figure 5.25: Snapshots of velocity vectors on the centerline vertical plane for the 
sliding wedge with �=-0.05 m, and � =2.79. The unit is in meter. 
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Figure 5.25 (continued) 
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Figure 5.25 (continued) 
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Figure 5.25 (continued) 
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Figure 5.26: Snapshots of shoreline movement for the sliding wedge with �=0.454 
m, and � =3.43. The unit is in meter. 

 



 215 

Figure 5.26 (continued) 
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Figure 5.26 (continued) 
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Figure 5.26 (continued) 
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5.7.7 Cross-Sections 
 

In this section, the detailed velocity fields (time = 1.5 sec) at different cross-sections 

will be presented from Figure 5.27 to Figure 5.29. Because the major observations are 

close to that of the subaerial case, only the differences and important phenomena will be 

addressed. 

From Figure 5.27, x = -2.0 m ~ -1.25 m, the three-dimensional effect which makes 

the momentum concentrate into the centerline can be observed. The velocities on the 

centerline cross-section are higher than those in the off-centroid cross-section (Figure 

5.28, y = 0.0 m and y = 0.2 m). The three-dimensional movement can be also observed 

from Figure 5.29, at z = -0.7 m and z = -0.6 m.  
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Figure 5.27: Snapshots of velocity vectors on the vertical x-planes at time = 1.5 sec for 
the sliding wedge with �=-0.05 m, and � =2.79. The unit is in meter. The magnitude 

of the reference vector indicates the speed of the wedge. 
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Figure 5.27 (continued) 
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Figure 5.27 (continued) 
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Figure 5.27 (continued) 
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Figure 5.28: Snapshots of velocity vectors on the vertical y-planes at time = 1.5 sec for 
the sliding wedge with �=-0.05 m, and � =2.79. The unit is in meter. The magnitude 

of the reference vector indicates the speed of the wedge. 
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Figure 5.28 (continued) 
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Figure 5.29: Snapshots of velocity vectors on the vertical z-planes at time = 1.5 sec for 
the sliding wedge with �=-0.05 m, and � =2.79. The unit is in meter. The magnitude 

of the reference vector indicates the speed of the wedge. 
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Figure 5.29 (continued) 
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Figure 5.29 (continued) 
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Figure 5.29 (continued) 
 

x

y

-6 -5 -4 -3 -2 -1 0

-1.5

-1

-0.5

0

0.5

1

1.5

1 m / s

Time = 1.5 sec, z = -0.5 m

x

y

-6 -5 -4 -3 -2 -1 0

-1.5

-1

-0.5

0

0.5

1

1.5

1 m / s

Time = 1.5 sec, z = -0.4 m

x

y

-6 -5 -4 -3 -2 -1 0

-1.5

-1

-0.5

0

0.5

1

1.5

1 m / s

Time = 1.5 sec, z = -0.3 m
 



 229 

Figure 5.29 (continued) 
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5.8 Comparison between All Numerical Solutions and 
Laboratory Measurements 

 

After the validations of the subaerial and submerged numerical simulations, the 

numerical model is then used to simulate 45 landslide cases for different initial slide 

elevations and specific weights. In this section, all the numerical solutions will be 

discussed and compared with the laboratory data. 

Figure 5.30 shows � �� �/  vs. / /R B B u g� � , where R  is the maximum runup 

height, B  is the length of the slide, �  is the initial elevation of the slide, u�  is the 

initial acceleration, and g  is the gravity. The range of �  is: 0.3 0.454� ,�, . In 

this study, because the trajectories of the moving slides are imposed directly from the 

laboratory data on the numerical model, both laboratory data and numerical solutions 

have the same u� . Figure 5.30 shows that the maximum runup heights predicted by the 

numerical model agree well with the laboratory data in the region where 

� �� �/ / 0.04B u g� -�  and � �� �/ / 0.02B u g� #�� . However, the numerical model 

under-predicts the maximum runup height at the region where �  is close to zero. This 

might be due to the concave curve of the shorelines, the same as those observed in the 

submerged case. Unfortunately, the exact reason is still unclear. 

One important feature that can be observed from figure 5.30 is that the maximum 

runup height decays much faster in the region where � �� �/ / 0.03B u g� #�  than in the 

region where � �� �/ / 0.03B u g� -� . This implies that there is a strong energy 

dissipation mechanism (turbulence) which will cancel out the effect from large 

� �� �/ /B u g� � . This might indicate that the LES turbulence model is functioning well in 

the current study. 

Figure 5.31 shows � �/  vs. /R B B �� , where �  is the specific weight of the slide. 

Again, a very good agreement between the numerical solutions and the laboratory data 
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in the region of � �/ 0.5B �� -  and � � 1/ 0.5B ��� #� . The numerical model 

under-predicts the maximum runup height at the region where � �/ B ��  is close to 

zero.  

 

 

5.9 Cross Comparisons 
 

In this section, the cross-comparisons of the shorelines and centerline cross-section 

velocity vectors will be presented. By fixing � , we are able to see the effects of the 

initial slide elevation (� ) on the shorelines (Figure 5.32) and the velocity vectors at the 

centerline cross-section (Figure 5.33). Also, by fixing � , we are able to see the effects 

of �  on the shorelines (Figure 5.34) and velocity vectors (Figure 5.35). 

Figure 5.32 shows the effects of �  on the shorelines. The selected specific weight 

(� ) is 3.43, and the time frame is selected when maximum runup height happens at the 

centerline cross-section. Observed from Figure 5.32, the higher slide initial elevation 

provides more momentum to the water and generates a higher runup. The convex type 

of shoreline curves can be seen at 0.2m�" , and concave type of shoreline curves are 

shownung in the region where �  is closer to zero ( 0.05 0.05� ,�, ). However, this 

feature disappears at 0.2��� .  

Figure 5.33 shows the velocity vectors at the centerline cross-sections. Observed 

from Figure 5.33, a similar feature appears in the different �  in terms of the velocity 

vectors. As we have addressed in the discussion of subaerial landslide, the slide pushes 

the water in front of the slide and generates a current in the wake area. There exists an 

eddy in the region between the wake area and the upper returning current. The region 

affected by the movement of the slide is about one front-face height of the slide 

vertically and 1.5 times the front-face height horizontally. Due to the three dimensional 
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vortex, the velocity on top of the slide is able to be faster than the moving speed of the 

slide ( 0.2m��� ). This situation has been addressed in the discussion of the 

submerged landslide case. 

Figure 5.34 and 5.35 show the effect of �  on the shoreline and velocity. Larger �  

indicates larger potential energy. From Figure 5.34 we can see that larger �  generates a 

larger inundation area. Figure 5.35 shows the velocity vectors at the center-line 

cross-section. From the distances of the slide movement, we can see that the denser slide 

moves faster than the lighter slide (see �  = 2.14, 2.79 and 3.43) does. Therefore, the 

momentum provided by the denser slide is greater than that provided by the lighter one. 

 

 

5.10 Conclusions 
 

The numerical simulation has the advantage of observing phenomena cover the whole 

domain, which is not easy for the laboratory measurements especially for a large scale 

experiment with a moving obstacle. In this study, by adopting the displacement curve 

from the laboratory measurement, the numerical model is able to reproduce the 

near-field flow fields. The detailed numerical solutions are presented and discussed. 

 The relationship between maximum runup height and the initial elevation, initial 

acceleration and the specific weight of the slides is given in the results and discussion. 

The comparisons show that the numerical model has the capability to simulate the 

complex three-dimensional moving boundary type problem. 

 The landslide generated runup is caused by the “bounced” waves which are fully 

three-dimensional. Therefore, the two-dimensional simulations are not able to represent 

this mechanism and will significantly underestimate the maximum runup height and 

overestimate the offshore waves. 
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Figure 5.30: Comparison of all the numerical solutions to the laboratory data in terms of  

/R B  vs. � �� �/ /B u g� � , where R  is the runup height, B  is the length of the wedge, 

�  is the initial elevation of the wedge, u�  is the initial acceleration of the wedge 

measured by laboratory experiment, g  is the gravity. The black triangles are numerical 

solutions. The white triangles are laboratory data. 
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Figure 5.31: Comparison of all the numerical solutions to the laboratory data in terms of  

/R B  vs. � �/ B �� , where R  is the runup height, B  is the length of the wedge, �  

is the initial elevation of the wedge, �  is the specific weight of the wedge. The black 

triangles are numerical solutions. The white triangles are laboratory data. 
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Figure 5.32: Cross comparisons of shoreline curves for a fixed wedge specific weight 
(� =3.43). The time frame is chosen when the maximum runup height occurred. (Unit 

is in meter) 
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Figure 5.32 (continued) 
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Figure 5.32 (continued) 
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Figure 5.33: Cross comparisons of velocity vectors at centerline vertical plane for a 
fixed wedge specific weight (� =3.43). The time frame is chosen when the maximum 

runup height occurred. (Unit is in meter) 
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Figure 5.33 (continued) 
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Figure 5.33 (continued) 
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Figure 5.34: Cross comparisons of shoreline curves for a fixed wedge initial position 
(�=0.454 m). The time frame is chosen when the maximum runup height occurred. 
(Unit is in meter) 
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Figure 5.34 (continued) 
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Figure 5.35: Cross comparisons of velocity vectors at centerline vertical plane for a 
fixed wedge initial position (�=0.454 m). The time frame is chosen when the 
maximum runup height occurred. (Unit is in meter) 
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Figure 5.35 (continued) 
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Chapter 6 
 
 
 

Conclusions and Future Work 
 

 

6.1 Conclusions 
 

In this thesis, a numerical model is developed to solve general three-dimensional water 

wave problems. The numerical model is based either on the Reynolds Averaged Navier- 

Stokes (RANS) equations for mean flow field or the Large Eddy Simulation (LES) for 

the filtered flow fields. For RANS equations, we adopt both linear and nonlinear k ��  

models as our turbulence closure models. As for the LES, the standard Smagorinsky 

model is chosen as the turbulence closure model.  

 On the free surface, the piecewise linear volume of fluid (VOF) method with 

second order accuracy is used to track the free surface movement. For the moving 

boundary problem, a moving solid algorithm is developed to solve the landslide 

generated waves. 

 The model’s accuracy in simulating mean flow motions has been carefully 

examined by both 2D and 3D cases. In the 2D case, a solitary wave propagating in a 

constant water depth is simulated. The numerical solution is compared with the 

analytical solution. The conservation laws of the model have been inspected. For the 3D 
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case, the simulation results of a non-breaking solitary wave interacting with a circular 

cylinder are verified against the experimental data. In this case, an unstructured grid is 

used. This case also demonstrates that model’s capability of simulating flows in an 

irregular domain. The ability of using an irregular mesh is an important advantage of the 

finite volume discretization method. In order to deal with many complex wave 

conditions, many numerical tools have been developed for this model, such as incident 

wave boundary conditions, internal wavemaker, and numerical sponge layer. The 

accuracy of these numerical tools is examined. Overall, the performance of the 

numerical model for non-breaking waves is excellent. This demonstrates that the model 

is accurate enough in simulating mean flow motions.  

 The model is then employed to investigate  breaking waves in the surf zone. A 2D 

spilling breaker on a sloping beach is simulated. In this case, the nonlinear k �� model 

is utilized to evaluate the strong turbulence effects during the breaking. The model is 

verified against the laboratory measurements in terms of the mean free surface 

displacement, mean velocities, initial breaking location, and turbulence intensity. From 

this simulation, we are able to evaluate the performance of the turbulence model. Except 

the early stage of the breaking, the nonlinear k ��  model is able to predict the 

turbulence field. Some important characteristics of spilling breakers in the surf zone are 

summarized as below: 

� The spilling breaking is confined in a small region very close to the wave crest 

area. 

� The turbulence is generated in the region near the breaking wave front. This 

region is often referred to as “roller” region. Inside this region, the particle 

velocity near the free surface is close to the phase velocity.  

� Because the turbulence is generated in the roller region, the breaking 

processes only have a local influence beneath the breaking wave. 
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 A 3D case of dam-break waves interacting with a square cylinder is investigated to 

evaluate the performance of nonlinear k ��  turbulence models in terms of the wave 

force acting on the structure and the time-history of velocity. The results are examined 

by comparing with the laboratory measurements. Overall, the velocities predicted by 

nonlinear k ��  turbulence models are close to the laboratory data. 

 The wave force acting on the square cylinder is dominated by the normal stress. 

The shear stress acting on the cylinder faces is about 1% of the normal stress. Therefore, 

the shear stress can be neglected when calculating the net force on the cylinder. In this 

case, we also present the detailed turbulence generation and propagation with the 

dam-break bore. 

From the 2D spilling breaker simulation, we validate the accuracy of the turbulence 

model. From simulations of the 3D dam-break wave interacting with a cylinder, we 

further demonstrate the capability of describing the turbulence field of current 

numerical model by utilizing nonlinear k �� turbulence model.  

 In Chapter 5, the LES turbulence model with a moving solid algorithm is used to 

simulate the landslide generated waves. The detailed moving solid algorithm is 

developed and used to simulate the momentum introduced by the movement of the 

slides. The landslide generated waves usually come along with the strong turbulence in 

the wake zone of the moving body. For this reason, the LES turbulence model with 

Smagorinsky SGS model is adopted. The numerical results are compared with the 

laboratory measurements in terms of the maximum runup height, the time-history runup 

height and time-history free surface elevation. The simulations show that the present 

model successfully predicts the runup in the near-field region. A total of 45 simulations 

are conducted by changing the initial elevation and specific weight of the slides. The 

overall comparisons are very good in terms of the maximum runup height and free 

surface elevation. Some important characteristics of landslide generated waves are 
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summarized as below: 

� The LES results illustrate the characteristics of the complex 3D free surface 

flows. Flows are three-dimensional, transient, rotational, and turbulent. 

� The maximum runup is caused by the rebounding waves, which are the results 

of the convergent flows above the sliding wedge 

� The runup and rundown are controlled by wedge size, submergence and 

initial motion time history. 

� Higher initial elevation cases have higher runup. 

� Heavier slides (with larger gamma values) generate larger inundation area. 

� The region influenced by the sliding mass on the y-z plane is roughly 1.5~2.0 

times the slide cross-section. Therefore, when the submergence is greater than 

3.0 times the height of the slide, the slide becomes ineffective in generating 

waves. 

 

 

6.2 Future Work 
 

The numerical model presented in this thesis has been proven to be an accurate 

three-dimensional hydrodynamic model, and can serve for studying more practical 

coastal problems in the future. However, for a practical simulation, one of the most 

important issues is the computational cost. Currently, our simulations are confined in a 

numerical mash with about 70 x 70 x 70 grid numbers. A grid number greater than this 

limitation will usually require more than one week to finish one case on one single CPU, 

which is very time consuming. A parallel computation is a solution to this problem. In 

parallel programming, because multiple CPUs are working together at the same time 

and on the same simulation, the time (wall clock) can be reduced. The latest version, 
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Truchas 2.0, has provided a full function in parallel computing in summer 2004. After 

adopting Truchas 2.0 and upgrading our computer facilities, we will have a chance to 

obtain a solution with a better resolution. 

 The success in developing a moving solid algorithm greatly extends the model 

capability to simulate wave-structure interaction problems. Except for the landslide 

problems, the algorithm can be used to simulate waves generated by a strong paddle 

movement or ship waves. Most of the coastal hydrodynamic problems with a moving 

solid boundary can be solved by the moving solid algorithm. One possible extension of 

the moving solid algorithm is to solve the “Bingham fluids”. Many materials such as 

volcanic lava and submarine sediments behave approximately like a non-Newtonian 

fluid. These materials have a critical value of shear stress (or yield stress). Below this 

yield stress, they behave like a rigid body; above this yield stress, they behave like a 

viscous fluid. The Bingham plastic model is best-known for describing this viscoplastic 

behavior. Because the Bingham fluids will change from a solid-like material to a 

viscous fluid, a numerical solver shall have the capabilities of dealing with the fluid 

motion, the solid motion, and the phase change. Currently, our numerical model has 

satisfied the first two requirements. Hopefully in the near future, our model can be used 

to solve Bingham fluid problems such as “waves generated by flow slides” problems. 
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